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Abstrat. In this paper we onsider germs of k-parameter generi families of analyti 2-dimensional
vetor elds unfolding a saddle-node of odimension k and we give a omplete modulus of analyti
lassiation under orbital equivalene and a omplete modulus of analyti lassiation under on-
jugay. The modulus is an unfolding of the orresponding modulus for the germ of a vetor eld with
a saddle-node. The point of view is to ompare the family with a model family via an equivalene
(onjugay) over anonial setors. This is done by studying the asymptoti homology of the leaves
and its onsequenes for solutions of the ohomologial equation.
This paper is dediated to the memory of Adrien Douady.
1. Introdution
We onsider germs of generi unfoldings of holomorphi vetor elds Z0 in C
2
near an isolated
singularity whih is a saddle-node of odimension k ∈ N>0 (i.e. of multipliity k+ 1). For suh germs
there exist polynomial normal forms under orbital equivalene (resp. onjugay) but generially there
exist no analyti hange of oordinates to these normal forms: if we restrit to real variables in the
ase of real vetor elds the hange of oordinates is C∞ in the ase of a single vetor eld and only
CN for arbitrarily high N in the ase of an unfolding.
A modulus spae has been given for a single vetor eld by Martinet-Ramis [9℄ for the problem of
orbital equivalene and by Teyssier [17℄ and Meshheryakova-Voronin [10℄ for the problem of onjugay
([10℄ treats the odimension 1 ase). In both ases the modulus is funtional and the modulus spae
is huge. In this paper we address the same problem for germs of families unfolding a germ of vetor
eld with a saddle-node at the origin. We ould omplete the rst part of the program. We prove a
theorem allowing to prepare a family and we identify two omplete moduli of analyti lassiation for
prepared families: one under orbital equivalene and one under onjugay. These moduli are unfoldings
of the orresponding moduli for the assoiated germs of vetor elds with a saddle node obtained by
Martinet-Ramis in the orbital ase and Teyssier and Meshheryakova-Voronin for the onjugay ase.
In eah ase the identiation of the modulus spae is still an open problem. Our approah enlightens
why the modulus spaes for the ase of a single vetor eld are so large. Indeed a saddle-node of
odimension k is the onuene of k + 1 simple singular points. Eah singular point is an organizing
lous for the spae of leaves in its neighborhood. The spae of leaves restrited to speial domains
(anonial setors) have a rigid omplex struture: they are parameterized by C with one speial leaf,
the enter leaf parameterized by 0. Hene the only hanges of parameterization of the spae of leaves
are the linear maps. In the global family these loal spaes of leaves generially glue in a non trivial
way. When this persists until the limit ase where all k + 1 singular points merge together this yields
divergene of the normalizing hange of oordinates for a single vetor eld with a saddle-node.
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The polynomial normal form for the family is what we an all the model family. We an bring
the family into this form using a formal transformation near (0, 0, 0) ∈ Ck+2. In the model family all
spaes of leaves glue trivially, so the model family is too poor to enode all the rih dynamis of an
arbitrary analyti family of vetor elds. Hene there exists in general no analyti family of hanges of
oordinates (and time salings in the ase of orbital equivalene) to the model family. However there
exist analyti families of hanges of oordinates (and time salings in the ase of orbital equivalene) to
the model family over anonial setors. The modulus measures the obstrution to gluing the dierent
hanges of oordinates into a global hange of oordinates.
There are at least two dierent approahes to the modulus of a single vetor eld with a saddle-node
at the origin. The rst approah by Martinet-Ramis [9℄ haraterizes the vetor eld under orbital
equivalene by identifying the divergene of the normalizing formal power series with a o-hain in
the ring of summable power series, whih in turn an be understood geometrially as a olletion
of transition dieomorphisms between onseutive setorial spaes of leaves. It turns out that these
invariants oinide with the Éalle-Voronin invariants of the indued holonomy of the strong separatrix.
Meshheryakova-Voronin added the rst-return time needed to ompute the holonomy to identify
lasses under onjugay for vetor elds. The seond approah, by Teyssier [17℄ uses the geometry of
the leaves in the neighborhood of the saddle-node, whih is desribed in terms of asymptoti homology.
Both approahes ould have been generalized (unfolded) to the family ase. A treatment with the rst
approah would have been similar to [14℄ and [15℄. We have hosen to use the seond approah so as
to enlighten the asymptoti homology of the leaves and the speial geometry of the spae of leaves.
Solving the onjugay problem is then equivalent to solving some ohomologial equations.
For onveniene we will loate the singularity of Z0 at (0, 0). An unfolding (Zε)ε of Z0 is a germ
of analyti family of analyti vetor elds. It has a representative for ||ε|| < ρ and (x, y) ∈ rD × r′D,
where D := {|z| < 1} ⊂ C. We want to study the spae of all suh families or, more preisely, its
quotient under the ation of loal hanges of oordinates (and time salings in the ase of orbital
lassiation).
The strategy is the following. We rst prepare the family to a preliminary prenormal form and
we identify for eah family the model family to whih it will be ompared. In partiular we show
that in this prenormal form the parameters are analyti invariants and hene that any equivalene or
onjugay preserves the parameters. This allows to work for eah xed value of the parameter (but
on a neighborhood of the singular point independent of the hosen parameter). We then determine
anonial setors over whih the spae of leaves has a anonial struture. Over eah anonial setor
we get an equivalene between the original family and the model family. An equivalene between any
two families over a anonial setor is obtained by omposing the equivalene of the rst family to
the model with the equivalene of the model to the seond family. The modulus is the obstrution
to gluing the equivalenes to the model family over the anonial setors into a global equivalene. If
two families have the same modulus it is then possible to glue together the equivalenes over anonial
setors into a global equivalene between the two families.
The program above requires rst to study in detail the model family. This is started in Setion 3
and nished in Setion 4. These two parts are quite long, but are likely to be used in further work
on the realization part. Beause this preliminary part is long we have added a Setion 2 with the
statements of the results. In Setion 5 we show how the k setorial enter manifolds of a saddle-node
of odimension k unfold as k speial leaves over k anonial setors. In the model family these speial
leaves glue together as a global leaf; measuring the obstrution to a global gluing is the rst part of
the orbital modulus. In Setion 6 we introdue the notion of asymptoti homology and we build the
anonial setors. In Setion 7 we disuss solutions of the ohomologial equation, as these will be the
tool for the lassiation problem. In Setion 8 we give a new proof of the Hukuhara-Kimura-Matuda
setorial normalization theorem together with a generalization to unfoldings restrited to anonial
setors. Setions 9, 10 and 11 ontain the full denitions of the modulus of an analyti family under
orbital equivalene and under onjugay and the proof that the modulus is indeed a omplete modulus
of analyti lassiation. Setion 12 ontains questions for future researh and appliations.
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We were preisely in the nal stage of writing this paper when we learned the death of Adrien
Douady. Clearly his heritage in the subjet is immense. Although many people has onjetured the
Stokes phenomena oming from k-summability to be the limits of transitions when all singular points
of an unfolding were in the Poinaré domain, no one knew how to deal with the Siegel diretion. It
is the visionary geometri ideas of Douady and the thesis of his student Lavaurs whih opened the
subjet and the hope to derive omplete invariants of analyti lassiation for germs of families of
vetor elds. We dediate this paper to his memory.
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Index of notations
k: a positive integer.
C {x1, . . . , xn}:
the algebra of germs of holomorphi funtions on Cn at 0 ∈ Cn.
X · F : the Lie derivative of the funtion F along the vetor eld X .
ε = (ε0, . . . , εk−1) ∈ Ck:
the anonial multi-parameter of a prepared unfolding, see Denition 3.6.
(Pε)ε: the analytial family of polynomials of degree k + 1 unfolding x
k+1
, namely Pε(x) =
xk+1 + εk−1xk−1 + . . . ε1x+ ε0.
Σ0: the semi-algebrai open set in ε-spae dened by the ondition that Pε has k + 1 distint
roots, see Setion 4.1.
XMε = Pε
∂
∂x + y
(
1 + a (ε)xk
)
∂
∂y :
the orbital model family; a ∈ C {ε} is xed one and for all. The singular set of the
prepared vetor eld oinides with P−1ε (0)× {0}. See Setion 4.
ZMε = QεX
M
ε :
the model family ; Qε = C0,ε+C1,εx+ · · ·+Ck,εxk with C0,ε 6= 0 and ε 7→ Cj,ε ∈ C {ε}.
See Setion 4 and Theorem 3.3.
τε =
dx
Pε
: the anonial losed time-form assoiated to XMε , that is τε
(
XMε
)
= 1.
(Xε)ε: a prepared unfolding with τε (Xε) = 1. This means the family only unfolds the foliation
dened by X0. We write (see Proposition 3.1 and Denition 3.2)
Xε (x, y) = X
M
ε (x, y) +
[
Pε (x)R0,ε (x) + y
2R2,ε (x, y)
] ∂
∂y
.
(Zε)ε = (UεXε)ε:
a prepared unfolding with (Uε)ε ∈ C {x, y, ε} and Uε = Qε + O (Pε (x)) + O (y) where
GCD (Qε, Pε) = 1. The funtion Uε is alled the time part of Zε, whereas Xε is the
orbital part. The modulus of the orbital part is analyzed on Rε(x, y) = Pε(x)R0,ε(x) +
y2R2,ε(x, y).
r, r′, ρ: the radii of the open domain rD × r′D × {||ε|| ≤ ρ} onsidered in (x, y, ε)-spae. Here
||ε|| := max
(
|ε0|1/(k+1) , . . . , |εk−1|1/2
)
and D = {ω ∈ C : |ω| < 1}. What we mean by
{||ε|| ≤ ρ} is {||ε|| < ρ′} for some ρ′ > ρ.
j: an element of Z/k.
V #j,ε: a squid-setor in the x-variable. Here # may be +,−, s or n. See Denition 4.15 and
Lemma 4.17.
pj,n, pj,s (or p
±
j,n, p
±
j,s):
the singular points of Zε over the losure of a setor V
#
j,ε. Here n and s stand for node
type and saddle type in the generi ase ε ∈ Σ0. See Denition 4.21.
σ: the one-to-one orrespondene assoiating to a setor V +j,ε a setor V
−
σ(j),ε, where V
+
j,ε and
V −σ(j),ε share the same singular points of saddle and node type. (See Lemma 4.9 and (4.9).)
V gj,σ(j),ε or V
g
j,ε:
the gate setor whih is the intersetion of two non onseutive squid setors V +j,ε and
V −σ(j),ε sharing the same singular points p
+
j,n = p
−
σ(j),n and p
+
j,s = p
−
σ(j),s.
V#j,ε: the anonial setor of the foliation orresponding to V #j,ε, obtained by onsidering all
points (x, y) ∈ V #j,ε × r′D whih an be linked to the singular point pj,n by a tangent
asymptoti path. See Theorem 6.4 and Denition 6.5.
H±j,ε: the orresponding anonial rst integral over V±j,ε whose level sets oinide with the
leaves of the foliation indued by Zε over V±j,ε, see Denition 8.6.
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γsj,ε (p): an asymptoti path passing through p ∈ Vsj,ε linking pj,n and pj+1,n. The upoming
analyti invariants of the family will be obtained as integrals over these asymptoti paths.
See Denition 6.8.
{Wi}1≤i≤d: an open nite overing of Σ0 with good setors. See Denition 4.13.
Ob (W ): the set of funtions f : W → C\ {0} whih are ontinuous on the losure W of a good
setor W ⊂ Σ0 and analyti on W .
N iε =
(
a, ψ∞,i0,ε , . . . , ψ
∞,i
k−1,ε, φ
0,i
0,ε, . . . , φ
0,i
k−1,ε
)
:
it is dened for ε ∈ Wi. The d-uple {N iε}1≤i≤d forms the orbital part of the modulus
assoiated to (Xε)ε, whih provides a omplete set of invariants of the unfolding under
orbital equivalene. The ψ∞,ij,ε are ane maps and φ
0,i
j,ε ∈ C {h} with φ0,ij,ε (0) = 0. They
orrespond to hanges of oordinate in the spae of leaves over the intersetions Vnj,ε and
Vsj,ε respetively. See Setion 9.
T iε =
(
C0,ε, . . . , Ck,ε, ζ
i
0,ε, . . . , ζ
i
k−1, ε
)
:
it is dened for ε ∈ Wi. The olletion {T iε }1≤i≤d forms the time part of the modulus
assoiated to (Zε)ε. Together with a (ε) and {N iε}1≤i≤d, it provides a omplete set of
invariants of the unfolding under onjugay. The Cj,ε are simply the oeients of the
polynomial Qε whereas the ζ
i
j,ε ∈ C {h} represent time salings over Vsj,ε. See Setion 10.
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2. Statement of results
This setion is informal. For more preise statements and denitions we refer to the orresponding
setions indiated between parentheses.
Our main goal is to provide invariants for lassiation of germs of an analyti family (Zε)ε under
both orbital equivalene and onjugay. Let us dene these terms.
Denition 2.1. (see Setion 11)
(1) Two analyti vetor elds (resp. germs of analyti vetor elds) X and Y are onjugate if
there exists an analyti dieomorphism (resp. a germ of analyti dieomorphism) Ψ suh that
Ψ∗X = Y , that is X ◦Ψ = DΨ(Y ).
(2) X and Y are orbitally equivalent under Ψ if there exists an analyti non-vanishing funtion
(resp. germ) U suh that X and UY are onjugate under Ψ. Equivalently this means that the
image by Ψ of any integral urve of X is an integral urve of Y . We also speak of equivalene
of the underlying foliations.
(3) Two analyti families (resp. germs of analyti families of vetor elds) (Zε)ε and
(
Zε
)
ε
are on-
jugate (resp. orbitally equivalent) by a hange of oordinates and parameters if there exists an
analyti dieomorphism (resp. germ of analyti dieomorphism) (x, y, ε) 7→ (Ψε (x, y) , ϕ (ε))
suh that
(a) ε = ϕ (ε)
(b) for xed ε the vetor elds Zε and Zε are onjugate (resp. orbitally equivalent) under
Ψε.
2.1. Preparation. In order to study the analyti lassiation of families unfolding a saddle-node it is
neessary to prepare them, so that the singular points are loated on the x-axis and their eigenvalues
easily omputed from the prepared form.
The following preparation theorem is proved :
Preparation Theorem. (see Setion 3) A representative of a germ of analyti k-parameter fam-
ily of vetor elds unfolding a saddle-node of odimension k is onjugate by an analyti hange of
oordinates and parameters over a neighborhood of the origin in C2+k to a family of the prepared form
(2.1) Zε = UεXε
where
(2.2) Xε(x, y) = Pε(x)
∂
∂x
+
(
Pε(x)R0,ε (x) + y
(
1 + a(ε)xk
)
+ y2R2,ε(x, y))
) ∂
∂y
,
Uε(x, y) = Qε(x) + Pε(x)qε(x) +O(y),
ε = (ε0, . . . , εk−1) is a multi-parameter and{
Pε(x) = x
k+1 + εk−1xk−1 + · · ·+ ε1x+ ε0
Qε(x) = C0,ε + C1,εx+ . . . Ck,εx
k.
Here ε 7→ a (ε), ε 7→ Cj,ε, (x, ε) 7→ qε (x), (x, ε) 7→ R0,ε (x) and (x, y, ε) 7→ R2,ε (x, y) are germs of
holomorphi funtion and GCD (Pε, Qε) = 1. If ε = (ε0, . . . , εk−1) and ε = (ε0, . . . , εk1) we dene the
equivalene relation over ouples (ε, a) with a ∈ C {ε} :
(ε, a) ∼ (ε, a) ⇐⇒ (∀j) εj = exp(−2πim(j − 1)/k)εj and a (ε) = a (ε) .
Then (ε, a) / ∼ is an analyti invariant.
This allows to dene the model family
ZMε := QεX
M
ε(2.3)
with
XMε (x, y) := Pε(x)
∂
∂x
+ y(1 + a(ε)xk)
∂
∂y
.(2.4)
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Remark 2.2. The germs ε 7→ a (ε), ε 7→ C0,ε, ..., ε 7→ Ck,ε are the formal invariants (they are invariant
under formal hanges of oordinates in (x, y, ε) bered in the parameter). We an explain their presene
in the following way. When k + 1 singular points merge in a saddle-node of odimension k we ould
expet that all ombinations of eigenvalues (λi, µi) would be permitted. As there are only k parameters
εi, the other degrees of freedom are provided by the formal invariants. In the ase of orbital equivalene
it is not the eigenvalues that are relevant but only their quotients: there are k + 1 of these, hene the
presene of the formal parameter a(ε). Of ourse not all ombinations are possible in a given family,
but the lass of families allows for all possibilities. In the onjugay ase there are 2(k+1) eigenvalues,
so we need to add the k + 1 additional degrees of freedom with the onstants Cj,ε.
In the ase k = 1, a(ε) allows for a shift between the quotient of the eigenvalues at the singular
points, one being not neessarily the inverse of the other. Two additional onstants C0,ε and C1,ε allow
to determine λ0 and λ1, from whih µ0 and µ1 an be found.
2.2. Setorial deomposition and study of the model. See Setion 4. The general purpose is to
desribe the family of vetor elds on a xed neighborhood rD× r′D of the origin in (x, y)-spae for all
values of the parameters in a xed neighborhood {||ε|| ≤ ρ} of the origin in parameter spae. In the
whole paper we will suppose that ρ is suiently small so that the k + 1 singular points oming from
the unfolding of the saddle-node remain in rD × r′D. We will also suppose that ρ is suiently small
so that the whole study is valid on a domain {||ε|| < ρ′} with ρ < ρ′. The reason for this is that we
want to introdue a oni struture on ε-spae from a partition of the sphere {||ε|| = ρ}. In pratie
we will simply write ||ε|| ≤ ρ.
The idea is to work with generi ε for whih Pε has distint zeroes and to use the boundedness of
the onstrution to ll the holes for the other values of ε. If Σ0 is the set of generi ε in a ball of radius
ρ where the disriminant of Pε does not vanish, then we give a nite overing {Wi}1≤i≤d of Σ0 with
setors Wi, suh that a uniform treatment an be done over eah Wi (yielding analyti objets with
respet to ε) and the treatments over dierent setors have the same limit for ε = 0.
For a xed ε in a given setor Wi we divide the phase spae minus the strong separatries as the
union of 2k simply onneted domains of the form V × r′D, where V is a spiraling setor in x-spae,
whih we all squid setor. Roughly speaking a good setor Wi is dened by the ondition that the
length of the spiral is uniformly bounded. The union of the squid setors and the singular points is a
ball rD in x-spae. The onstrution of the setors V is greatly inspired by the work of Douady and
Sentena [2℄. Eah setor is assoiated to a setor of the boundary of rD. We expet this onstrution
to be useful for other problems of moduli of analyti lassiation, for instane the problem of the
lassiation of a odimension k paraboli xed point of a dieomorphism.
In this partition proess, eah squid setor V is adherent to two singular points, one of node type
(all leaves over the setor are asymptoti to the point) and one of saddle type (a unique leaf is
asymptoti to the point over the setor). Note that for ε in dierent setors Wi and for the same
setor of the boundary of rD we obtain in general dierent families of adherent singular points of node
and saddle types. As noted by Douady and Sentena, the onstrution ould be generalized to the
ase of multiple points (ε /∈ Σ0). In that ase the two adherent singular points of a squid setor of
saddle and node type ould be saddle-nodes (and even the same saddle-node), but then only a saddle
setor or a node setor of the saddle-node(s) is inluded in the squid setor V .
Beause of the preparation theorem we have the same squid setors for a prepared family and for the
assoiated model family. We prove a setorial normalization theorem whih is the generalization (an
unfolding) of the theorem of Hukuhara-Kimura-Matuda and show that over a setor V the foliation
is biholomorphi to the model restrited to the same V (the size of the disk r′D in y-oordinate has
to be adjusted a little). We then show that over these setors the spae of leaves of the model vetor
eld and of the original vetor eld are C. This allows to dene almost rigid oordinates on them, the
leaf-oordinates.
We also show the existene of a marked leaf over eah squid setor, orresponding to the weak
separatrix of the saddle point attahed to the setor (see Setion 5). These leaves are alled enter
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manifolds, a name justied by the fat that for ε = 0 they indeed oinide with a setorial enter
manifold. The leaf-oordinates are adjusted so as to vanish on the enter manifolds.
2.3. The moduli of analyti lassiation. For a given good setorWi in parameter spae and the
assoiated squid setors V in x-spae we ompare the leaf-oordinates by means of dieomorphisms
on the intersetion of two domains of the form V × r′D , whih will allow to dene the modulus for
a given ε ∈ Wi. The onneted omponents of the intersetion of two suh domains an be of three
forms: a setor V s adherent to a point of saddle type, a setor V n adherent to a point of node type and
a setor V g (for gate) adherent to both. Over the setors V g the hange of leaf-oordinates is linear.
Over the setor V s the spae of leaves is biholomorphi to a disk and the hanges of leaf-oordinates
are dieomorphisms of the form h 7→ h exp(φ0,i(h)), with φ0,i ∈ C {h} vanishing at 0. As there are k
setors this yields k analyti germs φ0,i0,ε, . . . , φ
0,i
k−1,ε. Over the setors V
n
the hanges of leaf-oordinates
are given by ane maps ψ∞, orresponding in partiular to hanges of enter manifolds. Again there
are k suh ane maps ψ∞,i0,ε , . . . , ψ
∞,i
k−1,ε. These maps are dened up to the hoie of leaf-oordinates on
eah setor, i.e. up to linear hanges of oordinates. We hoose onvenient leaf-oordinates for whih
the derivative at 0 of ψ∞,ij,ε is e
2iπa(ε)/k
. This ondition fores the possible hanges of leaf-oordinates
to be of the speial form hj,ε 7→ cεhj,ε with cε ∈ C 6=0 independent on j. On a good setor Wi it is
possible to hoose the leaf-oordinates so as to depend analytially on ε ∈Wi with ontinuous limit at
ε = 0. Then the φ0,ij,ε and the ψ
∞,i
j,ε an be hosen depending analytially on ε ∈ Wi with ontinuous
limit at ε = 0. We will always limit ourselves to this hoie. So it is natural to limit the hanges of
leaf-oordinates cε to belong to the set of funtions
(2.5) Ob (Wi) = {f ∈ C0(W i,C 6=0) : f analyti on Wi},
where W i is the (topologial) losure of Wi. Besides a reent result of J. Ribón [12℄ shows this
requirement is neessary : two families of foliations are onjugate if, and only if, for xed ε the two
orresponding foliations are onjugate on a polydisk of size independent on ε.
This allows to state the theorem giving the modulus of analyti lassiation. Let us dene for any
good setor Wi
N iε :=
(
a, ψ∞,i0,ε , . . . , ψ
∞,i
k−1,ε, φ
0,i
0,ε, . . . , φ
0,i
k−1,ε
)
and the equivalene relation
N iε ∼ N
i
ε ⇐⇒ (ε, a) ∼ (ε, a) and for the same m ∈ Z/k :(∃ciε ∈ Ob (Wi)) (∀j, h)
{
ψ∞,ij+m,ε(c
i
εh) = c
i
εψ
∞,i
j,ε (h)
φ0,ij+m,ε(c
i
εh) = φ
0,i
j,ε(h) .
In the work of Martinet-Ramis the modulus for orbital equivalene of X0 orresponds to some N0
satisfying the same properties.
Theorem I. (see Setion 9) The d families of equivalene lasses of (2k + 1)-tuples
{N iε/ ∼}ε∈Wi ,
1 ≤ i ≤ d form a omplete modulus of analyti lassiation under orbital equivalene for a prepared
family (Xε)ε given in (2.2). If Wi ⊂ Σ0 is a good setor then N iε an be hosen bounded and holomor-
phi with respet to ε ∈ Wi and suh that its limit for ε → 0 is a xed N0 independent of the setor
Wi.
The modulus of analyti lassiation under onjugay is omposed of the modulus under orbital
equivalene plus a time part. The time part is formed of the oeients Cj,ε plus analyti funtions
ζij,ε ∈ C {h}. As before the latter funtions measure the obstrutions to glue together the transforma-
tions of the system to the model over the squid setors. The only obstrutions appear on the setors
V s. We then build the modulus for ε ∈Wi
T iε :=
(
C0,ε, . . . , Ck,ε, ζ
i
0,ε, . . . , ζ
i
k−1,ε
)
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and extend the equivalene relation ∼ to ouples(N iε , Tεi) ∼ (N iε, T iε) ⇐⇒ N iε ∼ N iε and for the same ciε and m :
(∀j, h)
{
Cj,εe
2iπmj/k = Cj,ε
ζij+m,ε(c
i
εh) = ζ
i
j,ε(h) .
Note that for ε = 0 the modulus of onjugay of Teyssier and Mershheryakova-Voronin for the vetor
eld Z0 satises the same kind of properties.
This yields the theorem:
Theorem II. (see Setion 10) The d families of equivalene lasses of (4k + 2)-tuples
{(N iε , T iε ) / ∼}ε∈Wi ,
1 ≤ i ≤ d is a omplete modulus of analyti lassiation under onjugay for a prepared family Zε
given in (2.1). If Wi ⊂ Σ0 is a good setor then
(N iε , T iε ) an be hosen bounded and holomorphi with
respet to ε ∈Wi and suh that the limit for ε→ 0 is a xed (N0, T0) independent of the setor Wi.
2.4. The ohomologial equation. See Setion 7. The tool to prove Theorems I and II is the
solution of a ohomologial equation, namely to nd a family of funtions (Fε)ε suh that
Xε · Fε = Gε,
where (Gε)ε is an analyti family of funtions and Xε · Fε is the Lie derivative of Fε along the vetor
eld Xε. We solve suh an equation over the setors V ×r′D: the solution Fε is given by the integration
of Gετε on asymptoti paths with starting point at the singular point of node type. The dierene
of two setorial solutions over non-void intersetions is a rst integral of Xε and thus is onstant on
leaves. This allows to write the obstrutions to a global solution as funtions of the leaf-oordinates
over the intersetions V s, V n and V g.
To bring the system Xε of (2.2) to the model (2.4) over V × r′D we must bring the weak invariant
manifold of the point of saddle type to the horizontal axis y = 0. We then use a hange of oordinates
preserving y = 0 in the form of the ow of y ∂∂y for some time Nε. This time Nε is found as a solution
of a rst ohomologial equation of the form
Xε ·Nε = R˜ε
for an appropriate funtion R˜ε.
As for bringing the system Zε = UεXε of (2.1) to the model (2.4) over V × r′D we ompose the
previous hange of oordinates with a hange of oordinates taking are of the time part. This hange
of oordinates is given by the ow of the vetor eld QεXε for some time Tε. The time Tε is the
solution of a seond ohomologial equation of the form
Xε · Tε = 1
Uε
− 1
Qε
.
3. Preparation of the family
This setion deals with a germ of analyti family unfolding a germ of saddle-node of odimension
k ∈ N 6=0. We onsider a germ of generi (to be dened below) analyti k-parameter family unfolding
a germ of vetor eld with a saddle-node of odimension k. It is known that, up to a loal analyti
hange of oordinates, a representative of the germ of vetor eld an be taken in Dula's prenormal
form
(3.1)
Z0 := U0X0
X0 (x, y) := x
k+1 ∂
∂x +
(
y
(
1 + axk
)
+ xk+1R(x, y)
)
∂
∂y
with U0(x, y) = C0 + C1x+ · · ·+ Ckxk +O(xk+1) +O(y) and a, Cj ∈ C with C0 6= 0.
We onsider an unfolding
(3.2) Z0 (x, y) +H1 (x, y, η)
∂
∂x
+H2 (x, y, η)
∂
∂y
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where Hj(x, y, η) = O(η) is a germ at (0, 0, 0) of a holomorphi funtion and η = (η0, . . . , ηk−1) is a
multi-parameter in a neighborhood of 0 in Ck. We make the hange of oordinates
(x˜, y˜) :=
(
x,
(
y(1 + axk) + xk+1R(x, y)
)
U0(x, y) +H2(x, y, η)
)
.
Then all singular points our on y˜ = 0. Given that the origin of (3.1) is of multipliity k there are
k + 1 small singular points of (3.2) on y˜ = 0. Modulo a translation in the variable x˜ we an suppose
that they are roots of
Pε(x˜) := x˜
k+1 + εk−1x˜k−1 + · · ·+ ε1x˜+ ε0.(3.3)
The family is generi if the hange of parameters (η0, . . . , ηk−1) 7→ (ε0, . . . , εk−1) is an analyti
isomorphism in a neighborhood of the origin. Then the family of vetor elds has the form
(3.4) (Pε (x˜)h1(x˜, ε) + y˜h3(x˜, y˜, ε))
∂
∂x˜
+ (Pε (x˜)h2(x˜, ε) + y˜k1(x˜, y˜, ε))
∂
∂y˜
with h1(0, 0)k1(0, 0, 0) 6= 0, for some h1, h2 ∈ C {x˜, ε} and h3, k1 ∈ C {x˜, y˜, ε}.
It is possible to adapt the tehnique of Glutsyuk and straighten all strong manifolds of singular
points uniformly on a neighborhood of the origin.
Proposition 3.1. There exists an analyti hange of oordinates (x˜, y˜) 7→ (x, y) on a neighborhood of
the origin in C
2
depending holomorphially on ε for ε in a neighborhood of the origin and onjugating
the vetor eld (3.4) to
(3.5) Zε = UεXε
where
(3.6) Xε (x, y) = Pε(x)
∂
∂x
+
(
Pε(x)R0,ε(x) + y
(
1 + a(ε)xk
)
+ y2R2,ε(x, y))
) ∂
∂y
and
(3.7) Uε(x, y) = Qε(x) +O(Pε(x)) +O(y),
with
(3.8) Qε (x) := C0,ε + C1,εx+ . . . Ck,εx
k.
Here ε 7→ a (ε), ε 7→ Cj,ε, (x, ε) 7→ R0,ε (x), (x, y, ε) 7→ Uε (x, y) and (x, y, ε) 7→ R2,ε (x, y) are germs of
holomorphi funtions at the origin. Moreover GCD (Qε, Pε) = 1, whih in partiular means C0,0 6= 0
when ε = 0.
Proof. The proof ontains several steps. For the rst step we write (3.4) as h1(x˜, ε)Xˆε. Then
(3.9) Xˆε (x˜, y˜) = (Pε(x˜) + y˜h4(x˜, y˜, ε))
∂
∂x˜
+ (Pε(x˜)h3(x˜, ε) + y˜(1 +O(x˜, y˜, ε)))
∂
∂y˜
where h3, h4 ∈ C{x˜, y˜, ε} and we look for a hange of oordinates for Xˆε straightening simultaneously
all separatries. We onsider a small neighborhood W of the origin in ε-spae and the open subset
Σ0 of generi ε suh that the disriminant of Pε does not vanish. Then Pε has k + 1 distint roots
x0(ε), . . . , xk(ε). There exists a neighborhood Vy of the origin in y˜-spae, independent of ε, suh that
the strong manifold of (xj , 0) is given by x˜ = Fj(y˜) over Vy. The proof of that later fat is done as
in [3℄. The idea is the following: we onsider the ones Kj = {(x˜, y˜) : |y˜| ≥ |x˜− xj(ε)|}. On suh a
one we have | dydx | > 1 for ε suiently small (as | ˙˜x| < 1/2|x˜ − xj(ε)| and | ˙˜y| > 1/2|x˜ − xj(ε)| for
(x˜, y˜) in a small neighborhood of the origin and ε suiently small). If χ(t) := |y˜(t)| we also have
that χ˙ > 12χ > 0. As the loal invariant manifold is given by x˜ = Fj(y˜) = xj(ε) + c(ε)y˜ + o(y˜), with
Fj analyti and c(ε) small, then the graph of Fj is ontained in the one Kj for small y˜. Now the
extension of the invariant manifold is the union of all real trajetories with positive time starting on
points (Fj(δe
iθ), δeiθ) for θ ∈ [0, 2π] and δ > 0 small. These trajetories remain in Kj, so there is
no obstrution to extend the graph of Fj to a xed neighborhood Vy. The straightening hange of
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oordinates is then given by (x˜, y˜) 7→ (G(x˜, y˜, ε), y˜) = (xˆ, y˜) where
(3.10) G (x˜, y˜, ε) :=
k∑
j=0
xj(ε)
∏
l 6=j
x˜− Fl(y˜)
Fj(y˜)− Fl(y˜) .
It is holomorphi for (x˜, ε) small and y˜ ∈ Vy. The holomorphy in ε follows from the invariane under
permutations of the xj . Moreover it has a holomorphi extension to Σ0 ∪ Σ1 where Σ1 is the set of ε
for whih Pε(x) has exatly one double root. Indeed G (x˜, y˜, ε) is given by the following formula:
(3.11) G (x˜, y˜, ε) =
∣∣∣∣∣∣∣∣∣
0 1 x˜ . . . x˜k
x0(ε) 1 F0(y˜) . . . F
k
0 (y˜)
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
xk(ε) 1 Fk(y˜) . . . F
k
k (y˜)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 F0(y˜) . . . F
k
0 (y˜)
.
.
.
.
.
.
.
.
.
.
.
.
1 Fk(y˜) . . . F
k
k (y˜)
∣∣∣∣∣∣∣
.
From now on we write xj for xj(ε). If ε ∈ Σ1 and x0 and x1 oalese as ε → ε, then the limit of
G (x˜, y˜, ε) exists provided that limε→ε
F0(y˜)−F1(y˜)
x0−x1 exists. This an be seen by subtrating the row
orresponding to x0 to the row orresponding to x1, both in the numerator and the denominator of
(3.11), and then by dividing both the numerator and the denominator by x0 − x1, thus removing the
indeterminay. Here we have limε→ε
F0(y˜)−F1(y˜)
x0−x1 = 0. The latter has been proved by Glutsyuk [3℄. It
omes from showing that limε→ε F ′j(y˜) = 0, j = 0, 1, uniformly over Vy . Let us take the ase j = 1.
The details are as follows. Without loss of generality we an suppose that one separatrix, for instane
that of x0, has been straightened to F0(y˜) ≡ x0, whih implies that h4(x˜, y˜, ε) = (x˜− x0)h5(x˜, y˜, ε) in
(3.9). To prove that limε→ε F ′1(y˜) = 0, Glutsyuk proves that limε→ε
F ′1(y˜)
F1(y˜)−x0 is bounded.
F ′1(y˜) =
dx˜
dy˜
∣∣∣
x˜=F1(y˜)
=
(F1(y˜)−x0)(F1(y˜)−x1)
Q
k 6=0,1(F1(y˜)−xk)+y˜(F1(y˜)−x0)h5(x˜,y˜,ε)
y˜(1+O(|F1(y˜),y˜,ε|))+Pε(F1(y˜))h3(F1(y˜),ε)) ,
(3.12)
with h5 ∈ C{x˜, y˜} depending ontinuously on ε. Then
F ′1(y˜)
F1(y˜)− x0 =
F1(y˜)−x1
y˜
∏
k 6=0,1(F1(y˜)− xk) + h5(x˜, y˜, ε)
1 +O(|Fj(y˜), y˜, ε|) + F1(y˜)−x1y˜
∏
k 6=1(F1(y˜)− xk)h3(F1(y˜), ε)
(3.13)
The onlusion follows as
∣∣∣F1(y˜)−x1y˜ ∣∣∣ < 1 sine we are in the one K1 (details in [3℄).
The extension of G to Σ0∪Σ1 depends analytially on ε as it is again invariant under permutations
of the xj . Sine the omplement of Σ0 ∪ Σ1 is of odimension 2 then, by Hartog's theorem, we an
extend G to all values of ε, satisfying |ε| ≤ ρ for some positive ρ.
The hange of oordinate (3.10) allows to fator Pε(xˆ) in the rst omponent of the vetor eld.
Hene it has the form
Pε(xˆ)U(xˆ, y˜, ε)
∂
∂xˆ
+
(
Pε(xˆ)h6(xˆ, ε) + y˜h7(xˆ, ε) +O(y˜
2)
) ∂
∂y˜
where U(0, 0, 0) = h7(0, 0) 6= 0 and h6, h7 ∈ C{x˜, ε}. We fatorize U(xˆ, y, ε) in the vetor eld whih
then has the form
U(xˆ, y˜, ε)
[
Pε(xˆ)
∂
∂xˆ
+
(
Pε(xˆ)h8(xˆ, ε) + y˜h9(xˆ, ε) +O(y˜
2)
) ∂
∂y˜
]
with h8, h9 ∈ C{x˜, ε} and h9(0, 0) = 1.
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As in [7℄ we use a hange of oordinate and parameter (xˆ, ε) 7→ (x, ε˜) to transform Pε(xˆ)h9(xˆ,ε) ∂∂xˆ into
Pε˜(x)
1+a(ε˜)xk
∂
∂x to bring the vetor eld to the nal form (3.6). This ends the preparation of the orbital
part.
For the time part, the vetor eld has the form Xε˜Uˆε˜. We simply divide the x-part of Uˆε˜ by Pε˜(x):
Uˆε˜ = Qε˜(x) + Pε˜(x)qε˜(x) +O(y).

Denition 3.2. From now on we always work with germs of analyti families
(3.14) Zε = UεXε
where
(3.15) Xε(x, y) = Pε(x)
∂
∂x
+
(
Pε(x)R0,ε (x) + y
(
1 + a(ε)xk
)
+ y2R2,ε(x, y))
) ∂
∂y
and
(3.16) Uε(x, y) = Qε(x) + O (Pε (x)) +O(y),
whih we all prepared families. Here Qε and Rj,ε are haraterized in Proposition 3.1.
Theorem 3.3.
(1) A transformation x 7→ x˜ = exp(2πim/k)x with m = 1, . . . , k − 1, transforms a prepared
family into a prepared family with orresponding polynomials Pε˜(x˜) = x˜
k+1 + ε˜k−1x˜k−1 +
· · · + ε˜1x˜ + ε˜0, where ε˜j = exp(−2πim(j − 1)/k)εj and Q˜ε˜(x˜) = C˜0,ε˜ + · · · + C˜k,ε˜x˜k where
C˜j,ε˜ = exp(−2πimj/k)Cj,ε.
(2) The 2(k + 1) eigenvalues of the k + 1 singular points of (3.14) given by (xj , 0), j = 0, . . . , k,
where xj are the roots of Pε, oinide with that of the model family
(3.17) ZMε (x, y) := Qε(x)X
M
ε (x, y) = Qε(x)
[
Pε(x)
∂
∂x
+ y(1 + a(ε)xk)
∂
∂y
]
where Qε is given in (3.8).
(3) Suppose that two prepared families (Xε)ε and
(
X˜ε˜
)
ε˜
are onjugate. We dene the equivalene
relations
ε ∼= ε˜⇐⇒ (∃m ∈ Z/k) ε˜j = exp(−2πim(j − 1)/k)εj j = 0, . . . , k − 1.(3.18)
(ε, a) ∼= (ε˜, a˜)⇐⇒ ε ∼= ε˜ and a˜ (ε˜) = a (ε)(3.19)
where a is given in (3.6). The equivalene lasses [(ε, a)]/ ∼ are analyti invariants.
(4) Let ε := (ε0, . . . , εk−1) and Cε := (C0,ε, . . . , Ck,ε), where the Cj,ε's are the oeients of Qε.
We dene the equivalene relation
(3.20) (ε, Cε) ∼=
(
ε˜, C˜ε˜
)
⇐⇒ (∃m ∈ Z/k)
{
ε˜j = exp(−2πim(j − 1)/k)εj j = 0, . . . , k − 1,
C˜j,ε˜ = exp(−2πimj/k)Cj,ε j = 0, . . . , k.
The equivalene lasses [(ε, Cε)] / ∼= are analyti invariants of (3.14).
Proof of Theorem 3.3. Only the third and fourth items require a proof. We write a instead of a(ε).
(3) Let (xj , 0), j = 0, . . . , k, be the singular points of (3.15). The ratios of eigenvalues at eah singular
point is an analyti invariant under orbital equivalene. When ε ∈ Σ0 these are given by
νj =
1 + axkj
P ′ε(xj)
.(3.21)
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Then
(3.22) a =
k∑
j=0
1
νj
.
The quantity a remains bounded when two singular points ollide as
(3.23) a =
1
2πi
∫
rS1
1 + azk
Pε(z)
dz
where rS1 is a irle in x-spae surrounding x0, . . . , xk.
We suppose that there is an equivalene (x, y, ε) 7→ (Ψε(x, y), h(ε)) between the prepared families
(Xε) and
(
X˜h(ε)
)
. This yields an equivalene between Yε := Xε/(1+ax
k) and X˜h(ε)/(1+ a˜ (h (ε)) x˜
k).
The map Ψε(x, y) = (H1,ε(x, y), H2,ε(x, y)) sends the singular points to the singular points. Let us
rst show that it is possible to onstrut an equivalene Θε = (K1,ε,K2,ε) in whih the rst oordinate
K1,ε depends on x alone. The ideas ome from [9℄.
The map H1,ε(x, y) = h1,ε(x) + rε(x, y) with rε(x, y) = O(y), as a bration H1,ε : (C
2, 0)→ (C, 0),
is transverse to all bers, exept the bers through the singular points. In partiular the gradient of
H1,ε is orthogonal to the vetor eld along the bers through the singular points. This yields that
rε(x, y) = Pε(x)r1,ε(x, y), with r1,· analyti in (x, y, ε). As in [9℄ we an onstrut an analyti hange
of oordinates Θε suh that H1,ε ◦ Θε = h1,ε (see Lemma 3.4 below) whih is an equivalene between
Yε and itself.
So we an suppose that there exists an equivalene (x, y, ε) 7→ (Ψε(x, y), h(ε)) between the two
families, in whih H1,ε depends on x alone. Then the map H1,ε is a onjugay between Wε (x) =
Pε(x)/(1 + ax
k) ∂∂x and Vh(ε)(x˜)W˜h(ε), where W˜h(ε) = P˜h(ε)/(1 + a˜ (h (ε)) x˜
k) ∂∂x˜ and (x˜, ε) 7→ Vh(ε) (x˜)
is an analyti map. By Kostov's Theorem, there exists a germ of onjugay x 7→ K1,ε(x) between
Vh(ε)W˜h(ε) and W˜h(ε). Let Θε(x˜, y˜) := (K1,ε(x˜), y˜). Then Θε ◦ Ψε is an equivalene between Xε and
Θ∗ε
(
X˜h(ε)
)
while Lε := K1,ε ◦H1,ε is a onjugay between Wε and W˜h(ε).
The ase k = 1. Then ε0 is an analyti invariant sine
1√−ε0 =
1
ν0
− 1
ν1
,
where x0 =
√−ε0 and x1 = −√−ε0. This omes from [6℄ (see also [14℄).
The ase k > 1. It is done in Theorem 3.5 below.
(4) We have shown in (3) that [(ε, a)]/ ∼= is an analyti invariant of Xε and that the equivalene
relation
∼= yields an equivalene relation on x given by x ∼= x˜ = exp(2πim/k)x. This yields that the
set of singular points [{x0, . . . , xk}] / ∼= is an analyti invariant for a prepared family. The eigenvalues
of the linearized vetor eld of Zε at (xj , 0) are analyti invariants of the system. They are given by
(3.24) (λj , µj) = (P
′
ε(xj)Qε(xj), Qε(xj)).
The oeients Cj(ε) of Qε are uniquely determined from the xj using Qε(xj) = µj . 
Lemma 3.4. We onsider the vetor eld (3.15). Let H1,ε(x, y) = h1,ε(x) + Pε(x)r1,ε(x, y) with
r1,ε(x, y) = O(y), be a family of analyti maps dened in a neighborhood of the origin in C
2
suh
that
∂H1,ε
∂x never vanishes on that neighborhood. There exists a family of analyti dieomorphisms Kε
dened over a neighborhood of the origin in C2 whih is an equivalene between (3.15) and itself ( i.e.
an orbital symmetry of (3.15)) and suh that H1,ε ◦Kε = h1,ε.
Proof. The proof is an adaptation of Lemma (2.2.2), Chapter II of [9℄. It is done by the homotopy
method. Let
(3.25) Hε(t, x, y) = Ht,ε(x, y) = h1,ε(x) + tPε(x)r1,ε(x, y)
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and ωε be a 1-form dual to Xε. We look for a one-parameter family of analyti vetor elds Ξt,ε(x, y)
suh that
(3.26) ωε(Ξt,ε) = 0.
and
(3.27) Ξt,ε ·H1,ε = −∂Ht,ε
∂t
= −Pεr1,ε.
Then (3.26) yields Ξt,ε = gεXε for some arbitrary family of funtions gε. As Xε = Pε
∂
∂x + Aε
∂
∂y ,
(3.27) yields
(3.28) gε (x, y)
(
∂Ht,ε
∂x
(x, y) + tA(x, y)
∂r1,ε
∂y
(x, y)
)
= −r1,ε(x, y),
whih has an analyti solution g over a neighborhood of the origin sine
∂Ht,ε
∂x 6= 0 for y suiently
small.
The time-t ow of Ξt,ε is a dieomorphism Kt,ε whih is an orbital symmetry of Xε and suh that
H1,ε ◦K1,ε = h1,ε. 
Theorem 3.5. We onsider a germ of an analyti hange of oordinates Ψ : (x, ε) = (x, ε0, . . . , εk−1) 7→
(ϕε (x) , h0 (ε) , . . . , hk−1 (ε)) = (z, h) at (0, 0, · · · , 0) ∈ C1+k. The following assertions are equivalent :
(1) the families
(
Pε(x)
1+a(ε)xk
∂
∂x
)
ε
and
(
Ph(z)
1+a˜(h)zk
∂
∂z
)
h
are onjugate under Ψ,
(2) there exist λ with λk = 1 and T ∈ C {ε} suh that
• ϕε (x) = ΦT (ε)Xε ◦Rλ (x) where Rλ(x) = λx,
• εj = λj−1hj (ε),
• a (ε) = a˜ (h (ε)).
Proof. (2)⇒(1) is trivial so we only onsider (1)⇒(2). We may moreover assume that k > 1, the ase
k = 1 being realled in Theorem 3.3.
The result is easily shown for ε = 0. But let us disuss some details whih will be important in the
proof. Indeed the ow ΦtX0 has the form x(1 + gt(x
k)), with gt(0) = 0. Moreover if ϕ
′
0(0) = λ0 we
need have λk0 = 1 in order to preserve the form of X0. So we an ompose Ψ(x, ε) with Rλ0 and the
orresponding hange of parameters εj = λ
j−1
0 hj (ε) and only disuss the omposed family. Hene we
an suppose that Ψ(x, ε) is suh that ϕ′0(0) = 1. We now need to prove that hj(ε) ≡ εj.
It is easy to hek that the only hanges of oordinates tangent to the identity whih preserve X0
are the maps ΦtX0 : using power series, it is easily veried that suh hanges of oordinates have the
form x(1 +mt(x
k)) with mt(0) = 0, where mt is ompletely determined by m
′
t(0) = t. This is exatly
the form of the family ΦtX0 . Indeed let Φ
t
X0
(x) = bt(x). The funtion bt(x) = xdt(x) with dt(0) = 1 is
solution of
− 1
kbkt (x)
+
1
kxk
+ a ln(bt(x)) − a ln(x) = t
i.e.
dkt (x)− 1 + akxkdkt (x) ln(dt(x)) = ktxkdkt (x).
Substituting an unknown power series dt(x) = 1 +
∑
n≥1 cnx
n
yields the result.
Let
G(x, t, ε) := ΦtXε ◦ ϕε (x) ,
H(x, t, ε) :=
∂k+1G
∂xk+1
(x, t, ε)
and
K(t, ε) := H(0, t, ε).
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K is an analyti map and we have
∂K
∂t
(0, 0) = (k + 1)! 6= 0.
Moreover, let t0 be suh thatK(t0, 0) = 0 (in the study for ε = 0 we have shown the existene of t0). By
the impliit funtion theorem there exists a unique funtion t(ε) suh that t(0) = t0 and K(t(ε), ε) ≡ 0.
Composing ϕε with Φ
t(ε)
Xε
we an suppose that the original family Ψ is suh that ∂
k+1ϕε
∂xk+1 (0) = 0.
Under this redution we will now show that ϕε = id. The argument will be done with an innite
desent. We introdue the ideal
I = 〈ε0, . . . , εk−1〉.
With our preparation we know that ϕ0 = id so we write
ϕε (x) := x+
∑
n≥0
fn (ε)x
n
where eah fn ∈ I and fk+1 ≡ 0.
The onjugay ondition an be written as
(3.29)
(
1 + a (ε)xk
) (
ϕk+1ε (x) + hk−1 (ε)ϕ
k−1
ε (x) + · · ·+ h0 (ε)
)
− (1 + a˜ (h (ε))ϕkε (x)) (xk+1 + εk−1xk−1 + · · ·+ ε0)ϕ′ε (x) = 0.
It is then lear that hj(ε) ∈ I. For the sake of simpliity we simply write hj instead of hj(ε). Let gjxj
be the term of degree j in (3.29). We will play with the innite set of equations gj = 0, j ≥ 0.
The equations gj = 0 with 0 ≤ j ≤ k − 1 yield
hj − εj ∈ I2,
sine all other terms in the expression of gj belong to I
2
.
The equation gk+j = 0 with 0 ≤ j ≤ k yields fj ∈ I2 sine the only terms of degree 1 are
a(hj − εj) + (k + 1 − j)fj when j < k and af0 + fk for j = k. Also, our hypothesis is that fk+1 ≡ 0.
Looking at the linear terms in the equations gℓ = 0 with ℓ > 2k + 1 yields fℓ−k ∈ I2 sine the only
linear terms in gℓ are −(ℓ− 2k − 1)[fℓ−k + afℓ−2k].
So we have that fj ∈ I2 for all j.
To show the onlusion we will shown by indution that, for any n, hj− εj ∈ In when 0 ≤ j ≤ k− 1
and fj ∈ In whenever j ≥ 0. The onlusion is valid for n = 1, 2. We now suppose that it is valid for
n and we show it for n+ 1.
To show that hj−εj ∈ In+1 for 0 ≤ j ≤ k−1 we onsider again the orresponding equations gj = 0,
where the only linear terms are hj − εj . Hene all other terms of the equation belong to In+1 yielding
hj − εj ∈ In+1.
For the same reason the equation gk+j = 0 with 0 ≤ j ≤ k yields fj ∈ In+1 and the equations
gℓ = 0 with ℓ > 2k + 1 yields fℓ−k ∈ In+1. 
Denition 3.6. The parameter ε = (ε0, . . . , εk−1) is alled the anonial (multi-)parameter of the
family (3.14).
Corollary 3.7. An orbital equivalene or a onjugay between two prepared families is the omposition
of a map whih preserves the anonial parameters with a map (x, y, ε) 7→ (x˜, y, ε˜) where
(3.30)
{
x˜ = exp(2πim/k)x
ε˜j = exp(−2πim(j − 1)/k)εj j = 0, . . . , k − 1
for some m ∈ Z/k.
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4. The model family
We ompare a prepared family of vetor elds (3.14) with multi-parameter ε = (ε0, . . . , εk−1) ∈ Ck
to the model family given by (3.17) with the same singular points, and hene same parameters ε =
(ε0, . . . , εk−1) and formal invariant a(ε) given by (3.23). The oeients of Qε are hosen so that Zε
has the same eigenvalues as the model at the singular points (xj , 0) for j = 0, . . . , k as (3.14).
4.1. The parameter spae Σ0. We dene
(4.1) ||ε|| := max
(
|εk−1|1/2, . . . , |ε1|1/k, |ε0|1/(k+1)
)
The parameter spae W = {ε : ||ε|| ≤ ρ} of Ξε is stratied. The generi stratum Σ0 is the set of ε for
whih the disriminant of Pε does not vanish:
(4.2) Σ0 := {ε ∈ W : dis(Pε) 6= 0} .
The singular part, where the disriminant vanishes, is of odimension one. Then, as soon as we
dene analyti and bounded funtions on Σ0 they an be extended to W by the theorem of removable
singularities. For these reasons we limit ourselves to parameter values in Σ0.
Lemma 4.1. All roots of Pε are ontained in a losed disk of radius at most
√
k ||ε||.
Proof. Let η := 1√
k||ε|| . If |x| > 1η then∣∣∣∣Pε (x)xk+1 − 1
∣∣∣∣ < η2 ||ε||2 + . . .+ ηk+1 ||ε||k+1 ≤ 1,
sine eah term is less than
1
k . 
4.2. First integral of the model family. For ε ∈ Σ0 the model XMε has a (multi-valued) rst
integral
(4.3) HMε (x, y) = y
k∏
j=0
(x − xj)−
1
νj
where νj are dened by (3.21). A rst integral of a vetor eld X is a funtion H suh that X ·H = 0
or, equivalently, whih is onstant on integral urves of X . If H is not onstant then the onneted
omponents of the level sets of H oinide with the integral urves of X .
Below we will desribe more preisely the foliation of XMε over adequate setors, but preliminary
work is needed to desribe them. These setors will orrespond to domains over whih HMε is univalued
and takes all values in C.
4.3. The global and semi-loal phase portrait of Pε
∂
∂x . The following trivial lemma will be used
to dene an equivalene relation on the parameter spae.
Lemma 4.2. The vetor eld
(4.4) Ξε := Pε
∂
∂x
is transformed into η−(k+1)Ξε under
(4.5)
{
ε = (ε0, . . . , εk−1) 7→
(
ηk+1ε0, η
kε1, . . . , η
2εk−1
)
x 7→ x/η,
where η ∈ R>0. Hene the bifuration diagram for the phase portrait of Ξε has a oni struture and
is ompletely determined on the surfae ||ε|| = ρ.
Denition 4.3. We dene the following equivalene relation on the set of ε:
(4.6) ε = (ε0, . . . , εk−1) ≃ ε′ =
(
ε′0, . . . , ε
′
k−1
)⇐⇒ ∃η ∈ R>0 : ε′j = ηk+1−jεj .
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The global phase portrait of Ξε is studied by Douady and Sentena in [2℄. They show how the
attrating and repelling separatries of the saddle point at innity separates the phase plane in simply
onneted regions. Among the dierent Ξε they make a speial disussion of the generi Pε
∂
∂x , whih
have the property that there is no homolini trajetory, i.e. no onnetion between an attrating and
a repelling separatrix at innity.
Denition 4.4. The vetor eld Ξε is generi in the sense of Douady and Sentena if all singular
points are distint and there are no homolini trajetories.
Douady and Sentena show that the eigenvalues of the singular points of a generi vetor eld all
have a nonzero real part and then that the singular points are nodes or foi.
A homolini trajetory γ goes in nite real time T from innity to innity sine innity is either
a regular point (k = 1) or a pole (k > 1). The lose loop γ on CP1 neessarily ontains some singular
points xj1 , . . . , xjs in its interior The value of T an be alulated by the residue theorem:
T =
∫
γ
dx
Pε(x)
= 2πi
s∑
ℓ=1
1
P ′ε(xjℓ)
.
(Even if the interior of γ is not well dened T is well dened sine
∑k
j=0
1
P ′ε(xj)
= 0). Moreover T
annot vanish sine γ is non ontratible. We will reall below a lower bound for T alulated in [2℄.
Douady and Sentena show that the generi Ξε are dense and also that, given any Ξε with ε ∈ Σ0,
there exists an angle θ suh that exp(iθ)Ξε is generi.
We will derive below an adaptation of their result oming from the fat that we are only interested
in Ξε over a disk rD.
Lemma 4.5. Let K = 2k−1 be the number of partitions of {x0, . . . , xk} into the union of two disjoint
non empty subsets. Let
δ =
π
16K + 2
and
(4.7) Ξε(θ) := exp(iθ)Ξε.
For any ε ∈ Σ0 ( i.e. suh that all roots of Pε are distint) there exists θ = θ(ε) ∈ (−π/4, π/4)
suh that Ξε(θ) is generi in the sense of Douady and Sentena. More preisely, for any partition
{x0, . . . , xk} = I1 ∪ I2 with I1, I2 6= ∅∣∣∣∣∣∣arg

exp(iθ) ∑
xj∈I1
1
P ′(xj)


∣∣∣∣∣∣−
π
2
/∈ (−δ, δ) .
Moreover θ(ε) an be hosen onstant on a neighborhood of a given ε˜ and an also be hosen onstant
on the equivalene lass of ε under (4.6). It is possible to over Σ0 with m = 4K − 1 onneted open
sets Wi on whih θ(ε) an be hosen onstant.
Proof. Let θℓ =
πℓ
8K+1 for ℓ ∈ {−(2K − 1), . . . , 0, . . . , 2K − 1}. We onsider the set J of partitions
{x0, . . . , xk} = Iℓ1 ∪ Iℓ2 with disjoint Iℓ1 , Iℓ2 6= ∅.
We let
Wℓ =

ε :
∣∣∣∣∣∣arg
∑
j∈Iℓ1
1
P ′ε(xj)
∣∣∣∣∣∣+ θℓ −
π
2
/∈ [−δ, δ] , (Iℓ1 , Iℓ2) ∈ J

 .
We need to show that {Wℓ}ℓ∈{−(2K−1),...,0,...,2K−1} is an open overing of Σ0 and that the Wℓ are
onneted.
For this purpose we suppose that arg
∑
j∈Iℓ1
1
P ′ε(xj)
∈ [−π, π]. Let MIℓ1 =
∣∣∣arg∑j∈Iℓ1 1P ′ε(xj)
∣∣∣− π2 ∈
[−π2 , π2 ]. We divide [−π2 , π2 ] in 8K + 1 equal losed intervals. 4K + 1 of these sub-intervals over
[−π4 , π4 ]. Among this group of 4K+1 intervals there is at least one group of three onseutive intervals
whose union ontains no MIℓ1 in its interior. We apply one of the rotations θℓ to send this group of
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(a) ε = 0 (b) general ε
Figure 4.1. The dynamis of Ξε near |x| = r.
intervals to the enter interval, namely [−3δ, 3δ]. The m = 4K − 1 open sets orrespond to the 4K − 1
ways to hoose three onseutive intervals (from the 4K +1 intervals) overing [−π4 , π4 ]. The fat that
the Wℓ are onneted omes from the fat that Σ0 does not separate the ε-spae. 
Denition 4.6. Let ρ > 0 be given.
(1) We onsider a neighborhood W = {ε : ||ε|| ≤ ρ} of ε = 0. An open setor W of W \ {0} is an
adequate setor if it is a union of equivalene lasses of (4.6) inside W .
(2) Let Σ0 dened in (4.2). An open overing {Wi}i∈I of Σ0, where Wi ⊂ Σ0, is an adequate
overing of Σ0 if eah Wi is an adequate setor.
(3) Given ε ∈ Σ0 we assoiate to it an angle θ(ε). The angle θ(ε) is adequate if it satises
Lemma 4.5 and if it an be hosen onstant on the equivalene lass of ε.
The 1-dimensional vetor eld Ξ0 = P0
∂
∂x is given on {x : |x| ≤ r} in Figure 4.1(a). For ε suiently
small the phase portrait near {|x| = r} is similar to that of Ξ0 (Figure 4.1(b)). In partiular the
boundary {|x| = r} has k sub-setors on whih the vetor eld goes inwards and k sub-setors on
whih it goes outwards.
To study properly the vetor eld Ξε it is useful to hange the x-oordinate to the omplex time-
oordinate (the generalized Fatou oordinate). This is the point of view desribed by Douady and
Sentena in [2℄. The following lemmas summarize some properties desribed in [2℄, so most of them
will be given without proof. They are also equivalent to some properties desribed by Oudkerk in [11℄.
Lemma 4.7. The hange of oordinate
(4.8) z = z(x) =
∫ x
∞
dx
Pε(x)
is a multivalued funtion dened on CP \ {x0, . . . , xk}. It is a k-sheeted overing S of a neighborhood
of ∞. The image of the irle rS1 is a k-overing of a losed urve whih is approximately a irle of
radius
1
krk : see Figure 4.2(a). We all B0 the interior of the projetion of this urve.
In the sequel we onsider values of the parameter ε 6= 0 for whih the multivalueness of z is of
logarithmi type at eah branh point. Hene the ball B0 will have innitely many images distributed
in the z-plane. A more preise desribtion is done further below.
Denition 4.8. The union Γ of the separatries of a generi vetor eld in the sense of Douady and
Sentena is alled the separating graph whih divides C \ Γ in k simply onneted omponents.
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(a) z(rD) (the holes are removed) (b) A horizontal strip in z-spae
Figure 4.2. The image of rD in z-spae. There are ramiations at eah hole.
V2
−
,ε
V2
+
,ε
V1
−
,ε
V0
+
,ε
V0
−
,ε
V1
+
,ε
Figure 4.3. A separating graph Γ and assoiated orrespondene σ for k = 3.
A generi separating graph divides the disk {|x| ≤ r} into k simply-onneted domains. At this
level of the onstrution we will only onsider the orresponding 2k segments on the irle {|x| = r},
whih we onveniently denote by ∂V ±j,ε for j ∈ {0, 1, . . . , k − 1} (see Figures 4.1 and 4.3). A reason for
this notation will be found in Setion 4.4 where we dene the squid setors V ±j,ε.
Lemma 4.9. [2℄ We onsider a generi vetor eld in the sense of Douady and Sentena. Eah
onneted omponent of C \ Γ, where Γ is the separating graph, intersets rS1 in exatly one setor
∂V +j,ε and one setor ∂V
−
ℓ,ε (see Figures 4.1 and 4.3). This yields a orrespondene
(4.9) σ : {0, . . . , k − 1} → {0, . . . , k − 1}, j 7→ ℓ
between the setors ∂V +j,ε and ∂V
−
ℓ,ε.
Proof. For ε ∈ Σ0 we have that dxPε(x) =
∑k
j=0
dx
P ′ε(xj)(x−xj) . Sine the logarithm funtion is multivalued,
this yields other images of the irle rD as drawn in Figure 4.2(a)). The interior of these urves (whih
we will also all balls) orrespond to images of the exterior of rD. A straight line of slope θ joining
two suh balls orresponds to a trajetory in real time of Ξε(θ) joining a boundary setor of rS
1
to a
boundary setor of rS1. 
Lemma 4.10. We onsider one of the angles θℓ of the proof of Lemma 4.5 and the open setor Wℓ
of values of ε for whih this angle is adequate. There exists ρ > 0 suiently small so that for any
||ε|| ≤ ρ all trajetories of Ξε(θ) in real time starting on |x| = r end in a singular point xj .
Proof. We hange to the z oordinate. Eah of these setors orresponds to either the upper half-irle
or the lower half-irle of the k-sheeted overing of the boundary of B0. Following the trajetory of
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Ξε(θ) in real time is the same as following a trajetory of Ξε in time e
iθR, hene following a line of
slope θ in z spae.
There exists a trajetory γj of Ξε(θ) in rD in time exp(iθ
′)R for some θ′ starting on eah ∂V +j,ε and
ending in ∂V −σ(j),ε and not rossing the separating graph: we an onsider this trajetory oriented from
∂V +j,ε to ∂V
−
σ(j),ε. Let I1 be the set of singularities to the right of γj and M(γj) given by
(4.10) M(γj) = exp(−iθ)
∑
xℓ∈I1
1
P ′ε(xℓ)
.
If we onsider the time funtion z dened for ∂V +j,ε, then it has a period 2πiM(γj), so we should
visualize the z plane with holes whih would be the translates of B0 by 2πiM(γj). The same M(γj)
is also valid for initial onditions on ∂V −σ(j),ε. The trajetory γj an be visualized in z-spae as a line
from a hole to an adjaent hole. Hene its length is of the order of M(γj) − 2krk and orresponds to
the modulus of the time to travel along γj . We want to show that this quantity remains large when
ε is small. Indeed the trajetory γj separates the singular points inside rD into two non empty sets.
As all xj lie in the disk of radius
√
k||ε||, then γj has points inside that disk. Hene the time to travel
along γj is bounded in modulus by twie the modulus of the time to travel from rS
1
to
√
k||ε||S1.
Instead of evaluating this time we will use the results of [2℄. Indeed a slanted line of slope θ′ joining
two holes in the z-oordinate for Ξε(θ) orresponds to a horizontal line joining two holes in Ξε(θ− θ′).
Suh a line (if it joins the enter of the two holes) is a homolini trajetory. So we need to estimate
the traveling time M ′(γj) of a homolini trajetory of Ξε(θ − θ′). In [2℄ (Corollary I.2.2.1) we nd
the following estimate
(4.11) |M ′(γj)| > 1
2k(k+4)/2 max(|x0|, . . . , |xk|) >
1
2k(k+4)/2
√
k||ε||
sine all xj satisfy |xj | <
√
k||ε||. Moreover it is lear that |M(γj)| is approximately |M ′(γj)| minus
twie the time to travel from ∞ to |x| = r. Hene |M(γj)| ∼ |M ′(γj)| − 2k|r|k .
To nish the proof we know that argM(γj) /∈ [−δ, δ]. Hene the horizontal line of Ξε(θ) will not
enounter any hole if |M(γj)| sin δ > 2krk . From the estimate above, this is learly satised as soon as||ε|| is suiently small. 
Lemma 4.11. If ε ∈ Σ0 and θ(ε) is adequate, a horizontal strip as in Figure 4.2(b) will start in a
singular point xn and end in a singular point xs suh that Re
(
eiθP ′ε (xn)
)
> 0 and Re
(
eiθP ′ε (xs)
)
< 0.
The same holds for an innite strip with parallel slanted ends as in Figure 4.6.
Theorem 4.12. There exists a nite open overing {Wi}i∈I of Σ0, where the Wi are adequate se-
tors and, for eah Wi, there exists a onstant adequate angle θi(ε) =: θi suh that the onlusion of
Lemma 4.10 holds.
Proof. The proof is immediate if one works in the time oordinate (4.8). 
Denition 4.13. An open overing {Wi}i∈I of Σ0 as in Theorem 4.12 is alled a good overing of
Σ0 and the angles θi are alled good angles. Eah Wi with this property is alled a good setor.
Remark 4.14. To give a good overing of Σ0 it is suient to give a good overing of Σ0∩{ε : ||ε|| = ρ}.
Then the good overing is given by the equivalene lasses of the elements of the good overing of
Σ0 ∩ {ε : ||ε|| = ρ}.
In the ase k = 1 there exists a good overing with only two setors, for instane arg(ε) ∈ (−η, π+η)
and arg(ε) ∈ (−π−η, η), with η ∈ (0, π). The smaller η, the less spiraling in the drawing of the setors.
4.4. Squid setors. The rst integral of the model family is ramied in the x-variable. For eah value
of ε in a small neighborhood of the origin we will dene 2k setors in x-spae (alled adapted setors),
above whih the rst integral (4.3) is univalued and there is a one-to-one orrespondene between the
set of level urves of the rst integral and C.
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Figure 4.4. The setors V ±j,0 for ε = 0
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Figure 4.5. A squid setor in z-oordinate for ε general
For ε = 0 we dene a unique set of 2k setors V ±j,0, j = 0, . . . , k − 1 (Figure 4.4). These setors
dene setors ∂V ±j,0 on the boundary rS
1 = ∂ (rD) : the setors dened for ε 6= 0 will be assoiated to
the same boundary setors ∂V ±j,ε of rS
1
. For a given ε 6= 0 the 2k setors may not be uniquely dened
and for eah ε 6= 0 belonging to several Wi there will be several non-equivalent sets of 2k adapted
setors V ±j,ε for j = 0, . . . , k − 1, with same boundary setors ∂V ±j,ε (one for eah Wi). In partiular,
in the generi ase, eah setor will be adherent to two singular points and non-equivalent setors
may be adherent to dierent pairs of singular points. However we will limit ourselves to denitions of
setors valid on equivalene lasses of ε (under the equivalene relation (4.6)). When ε→ 0 inside an
equivalene lass, any set of 2k setors will have the same limit: V ±j,ε → V ±j,0.
Denition 4.15. We onsider a good setor W ⊂ Σ0 on whih we x a good angle θ, and ρ > 0 so
that the onlusions of Lemmas 4.5 and 4.10 hold.
(1) We rst build the squid setors in z-oordinate around the ball B0 of enter 0. The other
setors are dedued by translations and hanges of sheet. These setors are somewhat wider
than the ∂V ±j,ε of Figure 4.1, so as to give an open overing of rD \ {x0, . . . , xk}. For a given
ε ∈ W we dene
tε := κ ||ε||−1
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Figure 4.6. Dierent squid setors in z-spae and their intersetions.
where κ > 1kr
−k
is suiently small so that tε ≤ 13M(γj) and z−1 (tεD\B0) does not meet the
dis
√
k ||ε||D ontaining the roots of Pε (the number M (γj) is dened in (4.10)). This hoie
of κ an be made independently on ε aording to the estimate (4.11) of Lemma 4.10. The
following onstrution orresponds to Figure 4.5:
(a) inside tεD\B0 the domain is a horizontal strip; the distane w between the horizontal
boundary of the strip and the parallel diameter of B0 is xed one and for all satisfying
0 < w < 23k r
−k
. We all it the width of the squid setors.
(b) outside the disk tεD the domain is a slanted strip omprised between straight lines making
an angle θ with the horizontal. The distane between the outermost lines and the enter
of B0 is
M(γj)
2 + w.
The domain in z-spae is taken so that no two points projet on the same x-point, i.e. dier
by a period of Pε(x).
(2) The projetion in x-spae of suh a domain is alled a squid setor and denoted V ±j,ε. See
Figure 4.7.
(3) For ε = 0 we do the same onstrution with t0 := +∞ and θ := 0, whih orresponds to the
half-plane with holes {Im (z) < w} \B0. See Figure 4.4 and Figure 4.6(d).
Lemma 4.16. Any ompat subset of V ±j,0 is ontained in a ompat set of V
±
j,ε for ε suiently small.
Proof. This is obvious from the Figures 4.4 and 4.5. 
Lemma 4.17. [2℄, [11℄. In the neighborhood of a generi ε ∈ Σ0, any squid setor is adherent to two
singular points xs and xn, one being an attrator and the other being a repeller for Ξε(θ) given in
(4.7).
(1) In the ase k = 1 the intersetion of the two squid setors is formed by three setors V sε , V
n
ε
and V gε , see Figure 4.7 and Figure 4.8. The upper-indies s ( resp. n, g) refer to saddle-like
( resp. node-like and gate). The gate struture was introdued by Oudkerk [11℄. V sε is
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Figure 4.7. The anonial squid setors when k = 1 for dierent values of ε.
adherent to an attrating point xs for Ξε(θ), V
n
ε is adherent to a repelling point xn for Ξε(θ)
and V gε is adherent to both.
(2) In the ase k > 1 the intersetion of two onseutive squid setors is given by one or two
setors, namely
• in the ase of V +j,ε ∩ V −j,ε a setor V sj,ε, and an additional setor V gj,σ(j),ε if and only if
σ(j) = j.
• in the ase of V +j+1,ε ∩ V −j,ε a setor V nj,ε, and an additional setor V gj,σ(j),ε if and only if
σ(j + 1) = j.
V sj,ε is adherent to an attrating point for Ξε(θ), V
n
j,ε is adherent to a repelling point for Ξε(θ)
and V gj,σ(j),ε exists if and only if the two setors share the same singular points, in whih ase
it is adherent to both.
In order to be able to give denitions valid for all setors we will often use the notation
(4.12) V gj,ε := V
g
j,σ(j),ε.
(3) Two non onseutive squid setors V +j,ε and V
−
ℓ,ε interset along a gate setor V
g
j,ℓ,ε if and only
if ℓ = σ(j) (see for instane Figure 4.9), i.e. in the ase where they are adherent to the same
singular points.
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Figure 4.8. In the ase k = 1 the intersetions of the two setors is formed of V nε ,
V sε and V
g
ε . To visualize V
g
ε , we need to take a translate of one of the setors by a
period.
(a) Here p0 and p1 are of saddle type while p2 is of
node type.
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(b) Here p1 is of saddle type whereas p0 and p2 are of
node type.
Figure 4.9. Examples of (non-equivalent) squid setors in the ase k = 2 for the
same value of ε and dierent hoies of θ.
Remark 4.18. The boundary of a squid setor V ±j,ε an be split into four parts for generi ε, whih we
expliit in x-oordinate sine its struture in z-oordinate is simpler to reover :
• starting from xn we follow a S-shaped spiraling urve to reah xs
• then we reah the irle rS1 by following a spiral
• we follow an ar of irle, orresponding to ∂V ±j,ε
• we lose the loop by reahing xn along another spiral.
Lemma 4.19. Let W ⊂ Σ0 be a good setor. The squid setors an be taken depending analytially
on ε ∈ W and ontinuously on ε ∈ W ∪ {0}.
Remark 4.20. Simply taking a horizontal strip in z-oordinate would not work for our onstrution.
Indeed we need to disriminate between singular points of saddle-type xs and node-type xn for the
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Figure 4.10. Modulus of a leaf of the model foliation over a squid setor (k = 1).
These drawings justify the terms node type (on the left of eah gure) and saddle
type (on the right) qualifying the singular points.
foliation. This goal is ahieved by taking slanted strips near innity (orresponding to spirals in x-
oordinates) whih fores the leaves respetively either not to or to aumulate on the point when
following the setor. We disuss this property in the upoming Setion 4.5.
Moreover simply taking a slanted strip in z-oordinate would not ensure the onvergene V ±j,ε → V ±j,0,
as θ is xed when ε belongs to a good setor Wi and θ is taken to be 0 when ε = 0. This is the reason
why we need a mixed onstrution for the squid setors.
4.5. Study of the foliations of the model family. We onsider the rst integral of the model (4.3)
over bered squid setors
(4.13) V±j,ε := V ±j,ε × C
onstruted with an adapted set of squid setors V ±j,ε.
Denition 4.21.
(1) Let ε ∈ Σ0. Eah bered squid setor is adherent to two distint singular points (xn, 0) and
(xs, 0) of X
M
ε . The point (xn, 0) (resp. (xs, 0)) is said to be of node type (resp. saddle
type) if Re (exp(iθ)P ′ε(xn)) > 0 (resp. Re (exp(iθ)P
′
ε(xs)) < 0). We note pn := (xn, 0) and
ps := (xs, 0). Depending on the ontext we may also use the notation pj,n = (xj,n, 0) or
p±j,n = (x
±
j,n, 0) (similarly pj,s or p
±
j,s) to emphasize that we onsider the singular points of
node and saddle type assoiated to the bered squid setor V±j,ε.
(2) If ε = 0 we set pj,n := pj,s := (0, 0).
For eah bered squid setor we x the prinipal holomorphi determination HM,±j,ε of the rst
integral HMε (dened in (4.3)) on V±j,ε. This is dened starting on the boundary in setor ∂V +0,ε of
Figure 4.1, turning on |x| = r in the positive diretion and then extending to the interior of the setors.
Lemma 4.22. The onvergene H±,Mj,ε → H±,Mj,0 is uniform on any ompat set of V ±j,0.
Proposition 4.23. Let r > 0 and ε ∈ Σ0 ∪ {0} be given. The foliation F±j,ε indued by XMε on V±j,ε
satises the following properties :
(1) For eah leaf L of F±j,ε there exists h ∈ C suh that L =
(
HM,±j,ε
)−1
(h). On the other hand,
for any h ∈ C the set
(
HM,±j,ε
)−1
(h) is a leaf of F±j,ε.
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(2) There exists a holomorphi funtion K : V ±j,ε×C→ C suh that the leaf of F±j,ε orresponding
to h ∈ C oinides with the graph of x 7→ K (x, h).
(3) There exists r, ρ > 0 suh that for any r′ > 0, any ε ∈ Σ0 ∪ {0} with ||ε|| ≤ ρ and any
(x, y) ∈ V ±j,ε × r′D\ {0} the losure of
[
K
(
·, H±,Mj,ε (x, y)
)]−1 (
r′S1
)
is a (onneted) real ana-
lyti urve D whih separates V ±j,ε into two onneted omponents, and rosses transversely the
boundary ∂V ±j,ε in exatly two points (see Figure 4.11(a)). One onneted omponent of V
±
j,ε\D
aumulates on xj,n while the other aumulates on xj,s. Moreover D → {xj,n} as r′ → 0.
(4) Let r′, r > 0 be given. Then :
(a) HM,±j,ε
(
V #j,ε × r′D
)
= C for # ∈ {±, n, g}
(b) HM,±j,ε
(
V sj,ε × r′D
)
= η(r′)D with η (r′) = r′O (1) uniformly in ε belonging to a good setor.
(5) There exists a unique distinguished leaf, the zero level urve of HM,±j,ε , whih is adherent to
both singular points pj,s and pj,n. The distinguished leaves over the dierent setors glue in a
global leaf in rD× C, whih atually is (rD\ {x0, . . . , xk})× {0}.
(6) Assume ε 6= 0. In eah setor V±j,ε all leaves, exept the distinguished leaf, are adherent to
exatly one of the singular points, namely pj,n.
Proof. We drop all indies so as to enlighten the ideas. Beause the squid setors are simply onneted
the rst integral H is univalued. We note Lh := H−1 (h) the urve of level h of H .
(1) Firstly the relation X · H = 0 yields that the funtion H is onstant on eah leaf of F. Thus
eah Lh is a union of leaves. For a xed x ∈ V the map Hx : y 7→ H (x, y) is linear and invertible.
Hene, given (x, y) ∈ V , there exists h := H (x, y) suh that (x, y) ∈ Lh; in partiular every leaf of F
is ontained in some Lh. On the other hand the injetivity of Hx implies that if (x, y) and (x, y˜) lie
in distint leaves then H (x, y) 6= H (x, y˜). The onlusion follows sine any (x˜, y˜) may be onneted
within a leaf to some (x, y) using the fat that F is transverse to the lines {x = st} on V .
(2) is a diret onsequene of (1). Eah leaf Lh oinides with the graph of the holomorphi funtion
K (·, h) : x 7→ h y
H (x, y)
.(4.14)
(Note that
y
H(x,y) is a funtion of x alone.)
(3)We work in z-oordinate as in Lemma 4.7 and assume that h 6= 0. The map K˜ : z 7→ K (x (z) , h)
satises the dierential equation
dK˜
dz
(z) = K˜ (z)
(
1 + ax (z)
k
)
.(4.15)
Hene
K˜ (z) = y expA (z) 6= 0(4.16)
A (z) =
∫ z
z
(
1 + ax (s)
k
)
ds
where A is holomorphi on a neighborhood of the strip V˜ orresponding in z-oordinate to the losure
of the squid setor V (see Lemmas 4.10 and 4.11). We let z = u + iv. The level sets
{∣∣∣K˜∣∣∣ = r′} ={
Re (A) = ln r
′
|y|
}
for xed y and dierent r′ > 0 dene a regular real analyti foliation of V˜ through
the dierential system
u˙ = − ∂
∂v
Re (A (u+ iv)) = Im
(
a(x (u+ iv))k
)
(4.17)
v˙ =
∂
∂u
Re (A (u+ iv)) = 1 +Re
(
a(x (u+ iv))k
)
.
A rst observation is that t 7→ v (t) is stritly monotonous provided that rk |a| < 1. Indeed we have
|u˙| < |a| rk and |v˙ − 1| < |a| rk. We will assume now that rk |a| < 1, whih an be ahieved for r
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suiently small independently on ε. By integrating the previous inequalities between 0 and t we
obtain :
|v (t)− v (0)− t| ≤ |t| |a| rk(4.18) ∣∣∣∣u (t)− u (0)v (t)− v (0)
∣∣∣∣ ≤ rk |a|1− rk |a|(4.19)
We further require that η := r
k|a|
1−rk|a| < 1 by potentially diminishing r if neessary. The urve D˜ : t 7→
(u (t) , v (t)) lies thus in the union of the oni regions C+ := {|u− u (0)| ≤ η (v − v (0))} (for t ≥ 0)
and C− :=
{
v − v (0) ≤ − 1η |u− u (0)|
}
(for t ≤ 0).
Let us write ∂V˜ = B− ∪B+ where B+ (resp. B−) omes from the upper (resp. lower boundary) of
V˜ on z-oordinate (see Figure 4.11(b)). Beause of (4.18) we derive that the integral urve obtained
for z = u (0) + iv (0) uts ∂V˜ in at least two points z+ ∈ B+ and z− ∈ B−. Indeed |θ (ε)| < π4 . Hene
if we take any starting point z = u (0) + iv (0) in B+ (resp. B−) the set C+ (resp. C−) intersets V˜
only at z. This yields the uniqueness of z±. See Figure 4.11(b).
The fat that one omponent aumulates of xn and the other on xs omes learly from Lemma 4.11.
If ε ∈ Σ0 the fat that D annot onverge to {xs} follows from the onstrution of θ sine cos θ > 0
and ∣∣K (x (teiθ + z) , h)∣∣ ∼t→±∞ A exp (t cos θ)(4.20)
lim
t→±∞x
(
teiθ + z
)
= x#(4.21)
where # = n (resp. # = s) if Re
(
eiθP ′ε (xn)
)
> 0 (resp. Re
(
eiθP ′ε (xs)
)
< 0) and t → −∞ (resp.
t→ +∞). More details an be found in Lemma 6.6.
(4) Aording to the disussion made just above we have, for xed y,
lim
x→xn , x∈V
|H (x, y)| = ∞(4.22)
lim
x→xs , x∈V
|H (x, y)| = 0(4.23)
Beause H is linear in y and the argument of y takes all values, every h ∈ C is reahed on any setor
aumulating on xn. The same argument shows that H (V
s) is a disk of radius
η (r′) = sup
V s×r′D
|H (x, y)|(4.24)
= r′ max
∂V s\{xs}
|H (x, 1)| .
The fat that
HM0 (x, y) = yx
−a(0) exp
1
kxk
(4.25)
yields η0 (r
′) = r′ exp
(
c
krk
)
for some onstant c > 1 depending on the width of V s0 . This proves the
laim as ∂V sε \ {xs} → ∂V s0 \ {0} and Hε (·, 1)→ H0 (·, 1) uniformly on V s0 \ {0}.
(5) The line {y = 0} \ {p0, . . . , pk} learly is the urve of level 0 of H , so is a leaf. All the prinipal
determinations of HMε agrees on {y = 0} so that these distinguished leaves glue in a global leaf.
(6) It follows from (3). Indeed, let Lh be a leaf of F with h 6= 0. On the one hand Lh annot
aumulate on ps beause xs belongs to the losure of {|K (·, h)| > r′} for all r′ > 0. On the other
hand D → {xn} as r′ → 0 so that xn lies in Lh. 
5. The enter manifolds
This setion is purely orbital so we work with a prepared family Xε of vetor elds of the form
(3.15). Let us dene for k > 1 the setors
(5.1) Vj,ε := V
+
j,ε ∪ V −j,ε
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Figure 4.11. The trae D :=
{
x :
∣∣K±j,ε (x, h)∣∣ = r′} of the leaf on V ±j,ε × r′S1.
and
(5.2) Vj,ε := Vj,ε × r′D,
built from the squid setors obtained in Denition 4.15 (see Figure 5.1). If k = 1 we merge V +0,ε and
V −0,ε only on the saddle and gate sides. This yields a setor of opening greater than 2π, whih must be
onsidered in the universal overing of x-spae puntured at xn.
Lemma 5.1. Eah setor Vj,ε ontains a singular point pj,s = (xj,s, 0) suh that the x-eigenvalue ( resp.
y-eigenvalue) of the linearized vetor eld of exp(iθ (ε))Xε at pj,s has a negative ( resp. positive) real
part.
We hoose to study the family (3.15) over a xed polydisk in (x, y)-spae, taken as rD × r′D. For
ε = 0 the vetor eld has a formal enter manifold given by a (generially divergent) power series
y = Sˆ(x) =
∑
n≥2 anx
n
. The sum of this series gives k enter manifolds as graphs of funtions
{y = Sj,0(x)} over the setors Vj,0 provided r is suiently small with respet to r′.
Theorem 5.2. We onsider a prepared family of the form (3.15). There exists ρ > 0 suh that for
eah ε with ||ε|| ≤ ρ and adapted set of setors Vj,ε, j = 0, . . . , k − 1, there exist k leaves whih are
enter manifolds dened by graphs {y = Sj,ε(x)} over Vj,ε and suh that limx→xj,s Sj,ε(x) = 0. In the
limit when ε→ 0 inside an equivalene lass then Sj,ε → Sj,0 uniformly on ompat sets of Vj,0. The
Sj,ε are unique on Vj,ε and are alled setorial enter manifolds. Let W ⊂ Σ0 be a good setor.
Then the Sj,ε depend analytially on ε ∈W . Moreover the Sj,ε are uniformly bounded in ε ∈W ∪{0}.
Remark 5.3. In fat we have Sj,ε = O (Pε).
Proof. The proof is adapted from that of [14℄, with ideas borrowed from Glutsyuk [3℄. The idea is that
the graph of the funtion Sj,ε(x) is the stable manifold of (xj,s, 0) given in Lemma 5.1. The funtion
Sj,ε(x) of the theorem must be a solution of the nonlinear dierential equation:
(5.3) Pε(x)S
′
j,ε(x) = Sj,ε(x)(1 + a(ε)x
k) + S2j,ε(x)R2,ε(x, Sj,ε(x)) + Pε(x)R0,ε(x),
suh that Sj,ε(xj) = 0. For ε = 0 the solution of (5.3) is k-summable in all diretions exept in the
diretions exp(2πiℓk )R≥0 for ℓ ∈ Z/k, see [9℄. If r is hosen suiently small the equation (5.3) with
ε = 0 has a solution over Vj,0 for eah j = 0, . . . , k − 1. We an always suppose that r is suiently
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Figure 5.1. An example of the setors Vj,ε together with the node part of the mod-
ulus ψ∞j,ε when k = 3.
small so that |Sj,0(x)| < |x| for |x| = r (this omes from the fat that Sj,0(x) has an asymptoti
expansion of the form O(xk+1) near x = 0).
The equation (5.3) has an analyti solution dened in the neighborhood of xj,s and vanishing at xj,s
(beause the quotient of eigenvalues is neither zero nor a positive real number). For ε suiently small
in an equivalene lass we now need to extend this solution to Vj,ε. For (x, ε) suiently small the
inequality |y˙| > |x˙| is satised for (x, y) in the ones: Kℓ(ε) = {(x, y) : |y| > |x− xℓ|}, ℓ = 0, . . . k− 1.
Also leaves of the foliation of (5.3) ontain trajetories with real time of all systems of the form
Xε(θ) = e
iθXε.
We need to nd points (x′, Sj,ε(x′)), with |x′| = r, whih should belong to the enter manifold
and are loated under the ones Kℓ(ε). The extension of their trajetories under the dierent vε(θ)
will yield the full enter manifold. The details are as follows.
We let x′ = r exp(πi(2j+1)k ). Let Φ
t
0 be the ow of X0. Then for all (x
′′, Sj,0(x′′)) with |x′′| = r and
x′′ ∈ Vj,0 there exists t(x′′) ∈ C suh that (x′′, Sj,0(x′′)) = Φt(x
′′)
0 (x
′, Sj,0(x′)).
Let η > 0 small. The trajetories with real time starting at (x′, y) with |y − Sj,0(x′)| = η, i.e on a
irle B, ross the ylinder C given by |y| = r′ along a non-ontratible loop γ: this yields a ontinuous
map Π0 from the irle B to the ylinder C.
We limit ourselves to values of ε with ||ε|| ≤ ρ where ρ is suiently small so that xj remain
inside |x| < r. For small ε the map Π0 is deformed to a ontinuous map Πε from the irle B to the
ylinder C. Hene there is a topologial obstrution to the ontinuous extension of Πε to the disk
D = {(x, y) : x = x′, |y − Sj,0(x)| ≤ η} given by the interior of B inside the setion {x = x′}, yielding
that the orbit of at least one point (x′, y′ε) of D does not meet the ylinder.
Then the forward trajetory of (x′, y′ε) remains under the ones Kℓ, and in partiular lies in the
region |y| < |x− xj,s|.
For all x′′ with |x′′| = r and x′′ ∈ V j,ε there exists tε(x′′) suh that Φtε(x
′′)
ε (x′, y′ε) = (x
′′, y′′ε ). We
let Sj,ε(x
′′) = y′′ε . When ε is small the map Sj,ε is lose to Sj,0 on {|x| = r} ∩ V j,0. In partiular, if ε
is suiently small we have |y′′ε | < |x− xℓ| for all ℓ.
We limit ourselves to values of ε in a good setor. Hene, if θ is a good angle, all trajetories of
exp(iθ)Xε starting at points (x
′′, y′′ε ) belong to the invariant manifold of (xj,s, 0), i.e. give an extension
of Sj,ε(x).
The uniform boundedness of the Sj,ε omes from the fat that all graphs of funtions Sj,ε over Vj,ε
are loated below the ones Kj,s(ε). 
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Remark 5.4. Although the k enter manifolds seem to be attahed to the attrating parts of ∂rD, they
are only unique when an adapted set of squid setors is given. Dierent enter manifolds attahed to
dierent sets of adapted squid setors may not oinide near ∂rD (see Figure 4.9).
The Martinet-Ramis modulus for analyti lassiation is a 2k-tuple of germs of analyti maps
N0 =
(
ψ∞0 , . . . , ψ
∞
k−1, φ
0
0, . . . , φ
0
k−1
)
, the ψ∞j being ane maps. These k ane maps will unfold as
ane maps ψ∞j,ε whih will measure the shift between the k enter manifolds: to do this we will need
to introdue adequate oordinates on whih to dene the ψ∞j,ε. These oordinates will parameterize
the spae of leaves over the neighborhoods V ±j,ε. In partiular the ψ
∞
j,ε will all be linear when the k
setorial enter manifolds glue together as a global invariant manifold. The relative position of the k
enter manifolds an be read preisely from the ψ∞j,ε.
Example 5.5. Let us interpret the ψ∞j,ε in Figure 5.1. The points (x2, 0) and (x3, 0) have stable
manifolds. The points (x0, 0) and (x1, 0) may have weak invariant manifolds if the quotient of their
eigenvalues is not in 1/N 6=0.
(1) ψ∞0,ε measures if the stable manifold of (x2, 0) is ramied at (x1, 0): it is indeed the ase if ψ
∞
0,ε
is nonlinear. In that ase, if (x1, 0) has a weak invariant manifold, then neessarily it does not
oinide with the stable manifold of (x2, 0).
(2) ψ∞1,ε measures if the stable manifolds of (x2, 0) and (x3, 0) oinide or not: they oinide
preisely if ψ∞1,ε is linear.
(3) ψ∞2,ε measures if the stable manifolds of (x2, 0) and (x3, 0) oinide on the other side of (x0, 0).
(4) From (1) and (2) it is possible to deide if the stable manifold of (x2, 0) oinides with the
weak invariant manifold of (x0, 0). Indeed if ψ
∞
1,ε (resp. ψ
∞
2,ε) is linear and ψ
∞
2,ε (resp. ψ
∞
1,ε)
is nonlinear, then neessarily the stable manifold of (x2, 0) does not oinide with the weak
invariant manifold of (x0, 0). In the partiular ase where (x0, 0) would be a resonant node
this would imply that it would have no weak invariant manifold (this is the parametri
resurgene phenomenon desribed in [14℄).
(5) It is also possible to deide diretly if the stable manifold of (x2, 0) oinides with the weak
invariant manifold of (x0, 0) even if both ψ
∞
0,ε and ψ
∞
1,ε are nonlinear, but this is more involved
and requires two additional tools: the Lavaurs maps and the other part of the modulus, namely
the funtions φ0j,ε. Indeed we need a haraterization of the weak invariant manifold of (x0, 0):
it is a leaf whih is xed when one turns around (x0, 0). Following the leaves when one turns
around a singular point requires the transition maps between the spae of leaves assoiated to
the dierent V ±j,ε over the setors V
g
j,σ(j),ε. These transition maps, alled Lavaurs maps, are
global linear maps. The maps φ0j,ε are related to transition maps between the spae of leaves
assoiated to the dierent V ±j,ε over the setors V
s
j,ε. We ome bak to this in Setion 12.1,
Example 12.1.
Corollary 5.6. We onsider a prepared family (3.15) and W ⊂ Σ0 a good setor on whih the on-
lusion of Theorem 5.2 is satised. The family of hanges of oordinates (x, y) 7→ (x, y − Sj,ε(x))
transforms the family (Xε)ε into
(5.4) (Xj,ε)ε :=
(
Pε(x)
∂
∂x
+ y
(
1 + a(ε)xk + R˜j,ε(x, y)
) ∂
∂y
)
ε
with R˜j,ε = O(y) over Vj,ε and uniformly in ε ∈ W ∪ {0}.
6. Asymptoti paths
We want to show that the foliation F±j,ε indued by Zε over anonial setors is trivial in some
way, the triviality being expressed in terms of asymptoti yles. This property will ensure that Zε is
analytially onjugate to the model over these setors, as explained in Setion 7.
In order to build the anonial setors we rst give some denitions.
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6.1. Basi denitions. Throughout this setion Ω stands for the topologial losure of Ω.
Denition 6.1. Let Z be a vetor eld with omponents holomorphi on a neighborhood of Ω for
some open set Ω ⊂ C2 and onsider the foliation F indued by Z on Ω.
(1) A pieewise-C1 map γ : R→ Ω satisfying
(a) there exists a leaf L or a singular point L := {S} suh that: (∀t ∈ R) γ (t) ∈ L
(b) limt→±∞ γ (t) = p± ∈ Ω
is alled an asymptoti path, linking p− to p+ within F. These points need not belong to
the same leaf (they an be singularities of F) and are alled the endpoints of γ. They will be
referred to as γ (±∞). The map γ will be alled an asymptoti yle if p− = p+.
(2) A pieewise-C1 map h : R× R→ Ω suh that
(a) (∀t ∈ R ∪ {±∞}) h (t, ·) , h (·, t) are asymptoti paths
(b) the family (h (t, ·))t∈R (resp. (h (·, t))t∈R) onverges uniformly to h (±∞, ·) (resp. h (·,±∞))
as t→ ±∞
is alled an asymptoti homology between γ−∞ := h (−∞, ·) and γ+∞ := h (+∞, ·).
This notion will be useful to express the triviality of F over the anonial setors. In fat one ould
give a denition of what may be alled asymptoti homology of F over Ω by onsidering the omplex
of Z-modules generated by points (0-hains), asymptoti paths (1-hains) and asymptoti homologies
(2-hains) endowed with boundary operators. We will not need these renements in our present study
but that is what is at work here.
Denition 6.2.
(1) Let p ∈ Ω. We dene the onneted omponent of p in F as the set
(6.1)
{
q ∈ Ω : (∃γ an asymptoti path) γ (−∞) = p and γ (+∞) = q} .
We say that F is onneted when there exists a point p ∈ Ω suh that all points of Ω belong
to the onneted omponent of p.
(2) We say that F is simply onneted when eah asymptoti yle is asymptotially homologous
to a onstant path.
(3) A foliation F both onneted and simply onneted will be alled (asymptotially) trivial.
Remark 6.3. We will show below that the foliation over eah squid setor is onneted. The point
p we will hoose will be the point of node type in the losure of the squid setor. Remark that the
onneted omponent p′ of an interior point of the squid setor will only be the losure of the leaf
through that point.
6.2. Canonial setors. After these preparations we shall prove the following:
Theorem 6.4. We onsider an adapted set of squid setors V ±j,ε overing rD in x-spae where ε belongs
to some good setor W ⊂ Σ0. Eah V ±j,ε is adherent to two points xj,s and xj,n. Let V±j,ε be the interior
of the onneted omponent of pj,n = (xj,n, 0) in the foliation indued by Zε over V
±
j,ε × r′D. There
exist r, r′, ρ > 0 suh that the following assertions hold for ε ∈W ∪ {0} :
(1) For eah p ∈ V±j,ε there exists an asymptoti path γ±j,ε (p) within F±j,ε suh that γ±j,ε (−∞) = pj,n
and γ±j,ε (t) = p for all t ≥ 0.
(2) The domain V±j,ε ontains a bered squid setor V ±j,ε×r′′D. We denote F±j,ε the foliation indued
by Zε over V±j,ε.
(3) There exists a unique leaf S±j,ε of F±j,ε aumulating on both pj,n and pj,s orresponding to the
setorial enter manifold of Zj,ε. This leaf is the graph of a holomorphi funtion
S±j,ε : V
±
j,ε → r′D(6.2)
whih extends as a ontinuous funtion on the losure S±j,ε (xj,n) = S
±
j,ε (xj,s) = 0. The setorial
entral manifolds S±j,ε glue on Vj,ε = V+j,ε ∪ V−j,ε and oinide with the graph of x 7→ Sj,ε (x)
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(see Theorem 5.2). (Of ourse in the ase k = 1 the gluing only ours on the saddle and gate
sides and Vj,ε = V+j,ε ∪ V−j,ε is a setor of opening greater than 2π.)
(4) The foliation F±j,ε is asymptotially trivial.
We postpone the proof of Theorem 6.4 till Setion 6.3.
Denition 6.5. The 2k setors V±j,ε are alled the anonial setors assoiated to Zε.
For a good setor W ⊂ Σ0 and ε ∈ W ∪ {0} we let
(6.3) Vε := int
(
los
(∪k−1j=0 (V+j,ε ∪ V−j,ε))) .
This is an open neighborhood of (0, 0) ontaining a polydisk rD× r′′D independent of ε.
6.3. Proof of Theorem 6.4. We x a good angle θ assoiated to a good setor W , see Lemma 4.13.
Note that (3) has been proved in Theorem 5.2, so we an apply the hange of oordinates (x, y) 7→
(x, y − Sj,ε (x)), where x 7→ Sj,ε (x) is the setorial entral manifold over V +j,ε ∪ V −j,ε, whih sends the
foliation F±j,ε on F ′ dened by
X˜ε (x, y) := Pε (x)
∂
∂x
+ y
(
1 + a(ε)xk + R˜ε (x, y)
) ∂
∂y
(6.4)
on V ±j,ε×r′D (see Corollary 5.6). We will prove the remaining laims (1), (2) and (4) for that foliation
whih, after possibly dereasing r, r′, ρ > 0, will still hold bak in the original oordinates. The proof
will rely on the following straightforward estimate whih we give without proof :
Lemma 6.6. Let χ (t) := |y (t)| in the following non-autonomous system:
x˙ (t) = exp(iθ)Pε (x(t))(6.5)
y˙ (t) = exp(iθ)y(t)
(
1 + R˜ε (x(t), y(t))
)
,(6.6)
so that
χ˙ (t) = χ (t)Re
(
exp(iθ)
(
1 + R˜ε (x (t) , y (t))
))
.(6.7)
(1) Assume that for some r, r′ we have
0 < α ≤ Re
(
exp(iθ)(1 + R˜ (x, y))
)
≤ β(6.8)
for any (x, y) ∈ rD× r′D. Then for any t ≤ 0 :
(6.9) χ(0)eβt ≤ χ(t) ≤ χ(0)eαt
(2) It is possible to nd r, r′ small enough so that α and β are as lose to cos θ as we wish,
independently on ε.
(1) First we build the path in z-oordinate (the funtion z is dened in Lemma 4.7) and we refer
to the notations given in Figure 6.1. We dene tε := κ ||ε||−k as in Denition 4.15.
• If z := z (x) belongs to the part of the strip whih an be linked to Im (z) = −∞ in a straight
line of slope θ we dene
z (t) := z + teiθ
for t ≤ 0.
• If z belongs to the disk tεD we hoose a path t 7→ z (t) avoiding the entral hole B0 and
reahing z− on the boundary of the disk. The path onsists of horizontal line(s) and possibly
an ar of the irle of xed radius µ = Ar−k. We then link z− to −∞ with a straight line as
before.
• Otherwise we link z to some point z+ of the irle tεS1 with a straight line of slope θ, then
proeed as above starting from z+.
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Figure 6.1. Some asymptoti paths in z-oordinate. The urve D indiates where
the y-omponent of the leaf reahes r′S1.
We all γ the path t 7→ x (t) orresponding to the path in z-oordinate build just above. We need
to show the existene of r′′ > 0 suh that γ an be lifted into the foliation for all (x, y) ∈ V ±j,ε × r′′D.
Aording to the previous lemma, if |z (t)| > tε or if z (t) belongs to a horizontal line then t 7→ |y (t)|
is dereasing, so that these parts of γ an be lifted in V ±j,ε × r′D as soon as y ∈ r′D. In all the other
ases the paths used are of bounded length, independently of ε. Hene using nitely many ow-boxes
we derive the existene of r′′ > 0 satisfying the expeted property.
(2) The laim is proved through the Lemma 6.6.
(3) This omes from Theorem 5.2.
(4) So far we have proved that F ′ is onneted. We now show that it is simply onneted. In fat
we prove a slightly stronger result :
Proposition 6.7. There exists r > 0 independent of small ε suh that:
(1) The leaf of F±j,ε passing through (x, y) is the graph of a holomorphi funtion x ∈ Ωx,y 7→
K±j,ε,x,y (x) and Ωx,y ⊂ V ±j,ε is simply onneted. Let Ω =
⋃
(x,y)∈Vj,ε± Ωx,y × {(x, y)} ⊂
V ±j,ε × V±j,ε. Then there exists a holomorphi funtion K±j,ε : Ω → C suh that K±j,ε(x, x, y) =
K±j,ε,x,y(x) .
(2) The losure of Ωx,y is also simply onneted.
(3) The losure D of
[
K±j,ε (·, x, y)
]−1 (
r′S1
)
is a (onneted) real analyti urve whih separates
V ±j,ε into two onneted omponents, and uts the boundary ∂V
±
j,ε in exatly two points (see
Figure 4.11(a) and Figure 6.3). One onneted omponent of V ±j,ε\D aumulates on xj,n
while the other aumulates on xj,s. Besides D → {xj,n} as r′ → 0.
Proof. The proof is done as in Proposition 4.23(3), using the estimates of Lemma 6.6. Indeed the only
obstrution to the analyti ontinuation of a leaf is the onstraint |y (x)| < r′ beause the foliation is
transverse to the lines {x = st}. 
Beause Ωx,y is simply onneted the endpoint of a andidate asymptoti yle γ of F±j,ε must
be a singular point. The leaf annot aumulate on pj,s so that γ (±∞) = pj,n. In that ase γ
is asymptotially homologous to its endpoint as the losure of Ωx,y is simply onneted. Thus the
setorial foliation is simply onneted. 
6.4. Asymptoti homology over the intersetions of setors.
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x
x
s
x
n
(a) in x-oordinate (b) lifted in the leaf
Figure 6.2. An asymptoti yle (k = 1).
Denition 6.8. We show below that the intersetions of dierent V±j,ε orrespond to setors Vsj,ε, Vnj,ε
and Vgj,σ(j),ε as in the ase of squid setors (Lemma 4.17). Eah p in suh an intersetion yields an
asymptoti path :
• γsj,ε (p) := γ+j,ε (p)− γ−j,ε (p) if p ∈ Vsj,ε.
• γnj,ε (p) := γ+j+1,ε (p)− γ−j,ε (p) if p ∈ Vnj,ε.
• γgj,σ(j),ε(p) := γ+j,ε (p)− γ−σ(j),ε (p) if p ∈ Vgj,σ(j),ε.
This path links the orresponding node-type singular points within the foliation indued on V+j,ε∪V−j,ε,
V+j+1,ε ∪ V−j,ε or V+j,ε ∪ V−σ(j),ε. We all it the anonial asymptoti path assoiated to p.
Proposition 6.9. Under the same hypothesis as Theorem 6.4 the following assertions hold.
(1) For k > 1 the intersetions V+j,ε∩V−j,ε splits into one or two onneted omponents, namely Vsj,ε
(and possibly Vgj,σ(j),ε if ε 6= 0 and both setors are adherent to the same singular points pj,n
and pj,s). Similarly the intersetions V−j,ε ∩V+j+1,ε splits into Vnj,ε (and possibly Vgj+1,σ(j+1),ε if
ε 6= 0 and both setors are adherent to the same singular points pj,n and pj,s). Also Vgj,σ(j),ε =
V+j,ε ∩ V−σ(j),ε if σ(j) 6= j, j + 1.
In the ase k = 1 the intersetion of the two setors splits into two or three omponents.
(2) The foliation indued by Zε over Vnj,ε or Vgj,σ(j),ε is trivial. Moreover the anonial asymptoti
path through a point p lying in one of those setors is asymptotially homologous to the node-
type singular point.
(3) The foliation indued by Zε over V+j+1,ε ∪ V−j,ε is asymptotially trivial.
(4) If p ∈ Vsj,ε\Sj,ε then γsj,ε (p) is not homologous to a onstant path. Any other asymptoti path
in the same leaf over V+j,ε ∪V−j,ε, not homologous to a onstant path, is homologous to γsj (p) in
V+j,ε ∪ V−j,ε (up to reversing of orientation) and has same endpoints.
(5) In Sj,ε ∪ {pj,s} any asymptoti path is homologous to {pj,n}.
Proof. This proof is mainly graphial. We refer to Figure 6.3.
(1) Aording to Proposition 6.7 eah leaf is a graph over a domain Ω (the omplement of the
hathed area in Figure 6.3) and this domain looks like a half-strip or a strip in z-oordinate. Hene
Vsj,ε, Vnj,ε and Vgj,σ(j),ε are onneted. The remaining laims are easy from Lemma 4.17.
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(b) γg ⊂ V
g
j,ε
is homologous to its endpoints
Figure 6.3. The asymptoti yle γs = γsj,ε (p) is not trivial in V+j,ε ∪ V−j,ε when
p ∈ Vsj,ε. We reall that the z-oordinate is a k-sheeted overing of C minus the blak
disks so that V sj,ε and V
n
j,ε may not atually belong to the same sheet. In partiular
the two endpoints of γs may orrespond to dierent points p±j,n of node type.
(2)(5) are immediate. 
7. Cohomologial equations
In order to work out the moduli of lassiation, we need to desribe preisely the global obstrutions
to solve equations of the form
Xε · Fε = Gε(7.1)
where Gε is given. We will explain why it is so in the onoming Setion 8. Suh equations are alled
ohomologial equations. A natural intuitive solution is given by Fε =
∫
Gε, where the integral
is taken along trajetories of the vetor eld. In order to make this formal we need to hoose well a
base point. A natural base point is the point of node type. As it is reahed in innite time we need to
dene the notion of asymptoti integrals.
Denition 7.1. Let Ω be an open set of C2 and onsider a 1-form ω with oeients meromorphi
on a neighborhood of the losure of Ω. Consider an asymptoti path γ whih avoids the poles of ω
(exept maybe at its end-points). We dene the asymptoti integral of ω along γ as∫
γ
ω :=
∫ +∞
−∞
γ∗ω .(7.2)
Denition 7.2. Let A := (Aε)ε∈W∪{0} :=
(V±j,ε)ε∈W∪{0} be a family of anonial setors assoiated
to a good setor W in ε-spae and to a boundary setor of rD (i.e. A is one of the 2k families(V±j,ε)ε∈W∪{0}). We dene the algebra Ob (A,W ) of all funtions (x, y, ε) 7→ Gε (x, y) holomorphi and
bounded on
⋃
ε∈W V±j,ε×{ε} with ontinuous extension to the losure and suh that G0 be holomorphi
on A0.
Theorem 7.3. Let τε :=
dx
Pε(x)
, let A := (V±j,ε)ε∈W∪{0} be a family of anonial setors where W is a
good setor. We suppose that for eah ε ∈ W the singular points of node and saddle type in V±j,ε are
given by pj,n = (xj,n, 0) and pj,s = (xj,s, 0) respetively. Consider a funtion G ∈ Ob (A,W ) with
Gε = O (Pε (x)) +O (y) .
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(1) For p ∈ V±j,ε dene
F±j,ε (p) :=
∫
γ±j,ε(p)
Gε τε(7.3)
where γ±j,ε (p) is onstruted in Theorem 6.4. This asymptoti integral is absolutely onvergent
for all ε ∈ W ∪ {0}.
(2) Eah funtion F±j,ε dened in (7.3) is holomorphi on V±j,ε and satises
Xε · F±j,ε = Gε.(7.4)
(3) The funtion extends ontinuously to V±j,ε ∪ {ps, pn} × r′D. In that ase the funtion y 7→
F±j,ε (x#, y), with # ∈ {n, s}, is holomorphi and∣∣F±j,ε (x#, y)− F±j,ε (x, y)∣∣ ≤ A |x− x#|(7.5)
for some A > 0 independent of (x, y) ∈ V±j,ε and ε.
(4) The funtion (x, y, ε) 7→ F±j,ε (x, y) belongs to Ob (A,W ).
(5) If γ is an asymptoti path within V±j,ε with same endpoints and orientation as γ±j (p) and lying
in the same leaf, then F±j,ε (p) =
∫
γ Gε τε.
(6) Any other bounded holomorphi solution F ∈ Ob (A,W ) of (7.1) diers from F±j,ε by the
addition of a funtion f : ε 7→ f (ε), f ∈ Ob (A,W ), whih orresponds to the freedom in the
hoie of F±j,ε (pn).
Denition 7.4. A funtion F±j,ε onstruted above will be alled a setorial solution to the equation
Xε · F = G.
The proof of this theorem is done in Setion 7.2. The basi idea behind this result an nonetheless
be shown very simply : it is the foliated equivalent of the fundamental theorem of alulus.
Lemma 7.5. Let Ω ⊂ Vε be a domain and F be a holomorphi funtion on Ω. Let τ be a meromorphi
1-form on Ω suh that τ (Xε) = 1, and let γ : [0, 1] → Ω be a tangent path avoiding the poles of τ .
Then
F (γ (1))− F (γ (0)) =
∫
γ
(Xε · F ) τ .(7.6)
Proof. We set G := Xε · F whih is holomorphi on Ω and use the relation :∫
γ
Gτ =
∫
[0,1]
(γ∗G) (γ∗τ) .(7.7)
Sine γ′ (t) = c (t)Xε ◦ γ (t) we dedue γ∗ (τ) = cdt and cγ∗Xε = ∂∂t ; in partiular
cγ∗ (G) = c (γ∗Xε) · (γ∗F ) = ∂
∂t
(F ◦ γ) .
Hene ∫
γ
Gτ =
∫
[0,1]
∂
∂t
(F ◦ γ (t)) dt(7.8)
= F (γ (1))− F (γ (0)) .

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7.1. Global equations and solutions. We disuss, for xed ε, the ase where G omes from a global
funtion Gε ∈ O (Vε), that is Aε := Vε = ∪j
(V+j,ε ∪ V−j,ε) and G = G±j,ε := Gε|V±j,ε . First let us desribe
how the setorial solutions F±j,ε glue :
Corollary 7.6. Let Gε ∈ O (Vε) suh that Gε = O (Pε) + O(y). The setorial solutions F+j+1,ε and
F−j,ε to Xε · F = Gε oinide on Vnj,ε. The solutions F+j,ε and F−σ(j),ε oinide on Vgj,σ(j),ε.
Proof. Assume p ∈ Vgj,σ(j),ε. Then V+j,ε and V−σ(j),ε share the same node point p+j,n = p−σ(j),n. The
onatenation γ+j,ε(p)−γ−σ(j),ε(p) yields an asymptoti yle γgε (p) through pj,n whih is asymptotially
homologous to {pj,n} aording to Proposition 6.9. Item (5) of Theorem 7.3 yields the onlusion. The
same argument applies when p ∈ Vnj,ε. 
Hene the obstrutions to obtain global holomorphi solutions F ∈ O (Vε) lie only in the intersetions
Vsj,ε.
Corollary 7.7. Let Gε ∈ O (Vε) suh that Gε = O (Pε) + O(y). Let p±j,n be the point of node type
assoiated to V ±j,ε. We have that p
−
j,n = p
+
j+1,n. The asymptoti path γ
s
j,ε (p) links the point p
−
j,n to the
point p+j,n. Let I (j) be the value of the integral:
I (j) :=
∫
γsj,ε(p)
Gετε ,
where the integration is done on anonial asymptoti paths given by Denition 6.8.
There exists a holomorphi funtion F ∈ O (Vε) suh that Xε · F = Gε if, and only if the following
two onditions are satised:
• the value of I (j) does not depend on the hoie of p in a xed setor Vsj,ε.
• For all m ≥ 1 and all j, j + 1, . . . , j +m suh that p−j,n = p+j+m,n we have
(7.9) I(j) + · · ·+ I(j +m) = 0.
Remark 7.8. As will be seen in the last setion the seond ondition is redundant as the graph whose
edges are the γsj,ε linking distint points of node type atually is a tree.
Proof. This derives from the onstrution of the F±j,ε in (7.3). Firstly the onditions are learly ne-
essary by ontinuity of F and Lemma 7.5. Indeed for all p ∈ Vsj,ε there exists two node-type singular
points p−j,n and p
+
j,n, not neessarily distint, linked by γ
s
j,ε (p). Hene :
I (j) = F
(
p+j,n
)− F (p−j,n) ,(7.10)
whih in turn implies (7.9).
Let us now look at the onverse: sine Vε is onneted we an build the unique setorial solutions
given by
F−0,ε
(
p−0,n
)
:= 0
F+0,ε
(
p+0,n
)
:= I (0) + F−0,ε
(
p−0,n
)
F−1,ε
(
p−1,n
)
:= F+0,ε
(
p+0,n
)
.
.
.
.
.
.
.
.
.
F+j,ε
(
p+j,n
)
:= I (j) + F−j,ε
(
p−j,n
)
F−j+1,ε
(
p−j+1,n
)
:= F+j,ε
(
p+j,n
)
.
.
.
.
.
.
.
.
.
The onditions preisely ensure that all F±j,ε glue together in a uniform Fε and that the Fε(p
±
j,n) are
well dened. 
ANALYTICAL MODULI FOR UNFOLDINGS OF SADDLE-NODE VECTOR FIELDS 39
7.2. Proof of Theorem 7.3.
7.2.1. Preliminaries.
Without loss of generality we an straighten the setorial enter manifold, sine Sj,ε = O (Pε) as
stated in Remark 5.3. We drop all indies j and ± and write
Xε (x, y) = X
M
ε (x, y) + y
2Rε (x, y)
∂
∂y
.(7.11)
Let p = (x, y). We refer to Theorem 6.4 and to Setion 6.3 for the onstrution of γε (p) (t) =
(x (t) , y (t)). This path is solution to the dierential system
(7.12)
x˙ (t) = exp(iθ)Pε (x(t))
y˙ (t) = exp(iθ)y(t)
(
1 + a (ε)x (t)k + y (t)Rε (x(t), y(t))
)
,
as soon as |x (t)| < √k ||ε||. It satises the same system with θ = 0 when |x (t)| < ϑr for some xed
ϑ < 1 independent on small ε.
The following proposition is the key to the uniformity with respet to ε.
Proposition 7.9. There exists a onstant C > 0 independent of ε ∈ W suh that∫ 0
−∞
|Pε (x (t))| dt ≤ C
sin δ
|x (0)− xn|
for any asymptoti path t 7→ x (t) landing at xn built in Setion 6.3. The same estimate is true if we
replae xn by xs provided that we integrate |Pε| between 0 and +∞.
Proof. Notie that |Pε (x (t))| = |x˙ (t)| most of the time, so what we try to ahieve here is to bound
the growth of the length of spirals. We will rely on the following trivial omputation :
Lemma 7.10. Take x ∈ C. We onsider a logarithmi spiral t ≤ 0 7→ x (t) = xeλt with Re (λ) > 0.
Then ∫ 0
−∞
|x (t)| dt = |x|
Re (λ)
.
Let us rst explain the strategy of the proof. It is done by indution on the number k+1 of singular
points enlosed in rD. We make essential use of the oni struture of Σ0 by applying the hange of
oordinate x 7→ x˜ := x ||ε||−1 whih transforms Pε (x) into ||ε||k+1 Pε˜ (x˜) with ||ε˜|| = 1. Then we show
that we an isolate the singularities inside small disks D (x˜j , η), eah one ontaining at most k singular
points, where η is independent of ε with ||ε|| = 1. Notie that if ε belongs to a good setor and m
singular points are ontained in a disk
A = D (x˜j , η)
then the m-dimensional multi-parameter assoiated to the m singular points ontained within A also
belongs to a good setor of this m-dimensional parameter spae. (The multi-parameter is formed of
the oeients of the normalization of the moni polynomial of degree m vanishing at the singular
points, the normalization being done via a translation so that the sum of the singular points vanishes.)
Hene we will be able to apply the reursion hypothesis in eah A. The last step onsists in providing
the estimate outside the disks, whih is not diult.
We onsider
(7.13) Ωη := ∪0≤j≤kD (x˜j , η)
the union of disks entered at x˜j and of a given radius η > 0. We laim that there exists η small
enough and independent on ε˜ suh that Ωη has at least two onneted omponents. If indeed it were
not true we ould nd a dereasing sequene (ηℓ)ℓ∈N → 0 and a sequene (ε˜ℓ)ℓ suh that all roots of
Pε˜n would be ontained in a domain of diameter at most 2 (k + 1) ηℓ. Sine {ε˜ : ||ε˜|| = 1} is ompat
there exists a point of aumulation ε˜∞ for whih the polynomial Pε˜∞ has one root of multipliity
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k + 1. This neessarily means ε˜∞ = 0 and is impossible. We have thus isolated in eah onneted
omponent of Ωη at most k singular points.
We assume that x˜ is bound to remain within some ζD with ζ > k + 1.
We rst deal with the ase k = 1, whih ontains all the ingredients for the general ase. Consider
the disk An = D (x˜0,n, η) ontaining the singular point x˜n := x˜0,n of node type. This singularity is
either hyperboli or a node, in whih ase the vetor eld eiθPε
∂
∂x is linearizable on the whole disk.
Moreover |x˜n| = 1. Hene the onlusion of Lemma 7.10 with λ := eiθP ′ε˜ (x˜n) holds :∫ 0
−∞
|x˜ (t)− x˜n| dt ≤ B
Re (λ)
|x˜ (0)− x˜n|
with B independent on ε, as soon as x˜ (0) ∈ An. This type of inequality is robust under analyti
hanges of variables. We have Re (λ) > |P ′ε˜ (x˜n)| sin δ = 2 sin δ|x˜n| = 2 sin δ aording to Lemma 4.5.
Therefore : ∫ 0
−∞
|Pε˜ (x˜ (t))| dt ≤ 2ζ
∫ 0
−∞
|x˜ (t)− x˜n| dt
≤ ζB
sin δ
|x˜ (0)− x˜n| .
The same argument applies for x˜s = −x˜n so when x˜ (0) ∈ Ωη\An :∫ +∞
0
|Pε˜ (x˜ (t))| dt ≤ ζB
sin δ
|x˜ (0)− x˜s| .
If x˜ (0) /∈ Ωη then |x˜ (0)− x˜n| ≥ η > 0 and the trajetory remains outside Ωη only for a nite interval
of time [t−, t+]. The lengths of all those trajetories are uniformly bounded by some M = M (ζ) > 0
for all ε˜ ∈W with ||ε˜|| = 1. We an thus write∫ t+
t−
|Pε˜ (x˜ (t))| dt ≤ M
η
|x˜ (0)− x˜n|
and the same for x˜s. When ζ is large enough the trajetories look like the trajetories of x˙ = x
2
(whih
are irles tangent at the origin to the real axis). Therefore M (ζ) ≤ M ′ζ with M ′ independent on
large ζ and on ε˜. To onlude, if we let B1 = B +
M sin δ
ηζ , we obtain∫ 0
−∞
|Pε˜ (x˜ (t))| dt ≤ ζB1
sin δ
|x˜ (0)− x˜n|
for all x˜ (0) ∈ ζD and all ζ > 0, for all ε˜ ∈W with ||ε˜|| = 1.
Bak to the original oordinates we nd :∫ 0
−∞
|Pε (x (t))| dt = ||ε||2
∫ 0
−∞ |Pε˜ (x˜ (t))| dt ≤
||ε|| ζB1
sin δ
|x (0)− xn|
for all |x (0)| < ζ ||ε||. By letting ζ := r ||ε||−1 we obtain C := rB1.
We deal now briey with the general ase k > 1 in a similar way. Inside eah omponent A of Ωη we
apply the reursion hypothesis sine there are at most k singular points lying within A. The argument
developed just above applies again to obtain the bound in ζD\Ωη, then ζD. We nally derive :∫ 0
−∞
|Pε (x (t))| dt ≤ ||ε||
k
ζkBk
sin δ
|x (0)− xn|
for all x (0) ∈ ζ ||ε||D. The onlusion is reahed by setting ζ := r ||ε||−1. 
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7.2.2. Bak to the proof of Theorem 7.3.
(1) We write γε (x, y) (t) = (x (t) , y (t)) for t ≤ 0. Lemma 6.6 yields
|y(t)| ≤ |y| eαt(7.14)
for some α > 12 cos θ independent on small ε ∈ W .
Assume that for ε ∈W
(7.15) Gε (x, y) = Pε (x) g0,ε (x) + yg1,ε (x, y) .
There exists onstants M1, M2 > 0, both independent on x and ε, suh that
|Gε (x (t) , y (t))| ≤ M1 |Pε (x (t))|+M2y¯eαt .(7.16)
The integral
∫ 0
−∞G (x (u) , y (u)) du is thus absolutely onvergent aording to Proposition 7.9. Sine
τε (Xε) = 1 it follows that ∫ 0
t
γε (p)
∗
(Gετε) = e
iθ
∫ 0
t
G (x (u) , y (u)) du(7.17)
for t ≤ 0, whih ompletes the proof.
(2) From Proposition 6.7 the leaf passing through (x, y) is the graph of a holomorphi funtion
v 7→ l (v, y). Beause of (7.17) the funtion p 7→ Fε (p) is holomorphi. Besides
Xε · Fε (p) =
(
e−iθ
d
dt
eiθ
∫ t
−∞
G (x(u), l (x (u) , y)) du
)∣∣∣∣
t=0
(7.18)
= G (p)
as in Lemma 7.5.
(3) Let us onsider a point p := (xn, y) and show that
lim
(x,y)→p
Fε (x, y) =
∫
[0,y]
g1,ε (xn, y)
dy
1 + a (ε)xkn + yRε (xn, y)
,(7.19)
where g1,ε is dened in (7.15). The latter integral is holomorphi with respet to small y and an be
rewritten (using (7.12))
Fε (p) := e
iθ
∫ 0
−∞
g1,ε (xn, y˜(t))
1 + a (ε)xkn + y˜ (t)Rε (xn, y˜ (t))
y˜ (t) dt(7.20)
where (x˜ (t) , y˜ (t)) is the solution for t ≤ 0 to the system
(7.21)
˙˜x = e
iθP (x˜)
1+a(ε)x˜k+y˜Rε(x˜,y˜)
˙˜y = eiθ y˜
with initial ondition (x, y).
We only need to prove that limx→xn Fε (x, y) = Fε (xn, y) beause Fε (xn, ·) is holomorphi and the
integral is additive with respet to the path of integration. There exists two onstants L1, L2 > 0
independent on ε suh that :
|G (x, y)−G (xn, y)| ≤ L1 |Pε (x)|+ L2 |y| .
Sine as t 7→ −∞ the modulus |y˜ (t)| is exponentially at of rate α lose to 1 while |x˜ (t)− xn| is
exponentially at at an order tending toward 0 as ε gets smaller, we an write |y˜ (t)| ≤ L3 |Pε (x˜ (t))|.
Hene there exists some L depending only on r, r′, ρ suh that, for all t ≤ 0,
|G (x˜ (t) , y˜ (t))−G (xn, y˜ (t))| ≤ L |Pε (x˜ (t))| ,
from whih we dedue∣∣∣∣
∫ 0
−∞
G (x˜(t), y˜ (t))−G (xn, y˜(t)) dt
∣∣∣∣ ≤ L
∫ 0
−∞
|Pε (x˜ (t))| dt(7.22)
≤ CL
sin δ
|x− xn| ,
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by Lemma 6.6 and Proposition 7.9. Hene Fε extends ontinuously to {xn}×r′D and we have moreover
proved that
|Fε (x, y)− Fε (xn, y)| ≤ A |x− xn| .(7.23)
We must now deal with the separatrix {xs} × r′D using muh the same argument. Consider an
asymptoti path γ linking the two singularities within Vε×{0} that is, more preisely, γ (∞) = ps and
γ (−∞) = pn. The estimate (7.16) shows that the integral
∫
γ
Gτε onverges, therefore we laim that
Fε extends ontinuously on {xs} × r′D to
Fε (xs, y) :=
∫
γ
Gτε +
∫
[0,y]
g1,ε (xs, y)
dy
1 + a (ε)xks + yRε (xs, y)
.(7.24)
If y = 0 the result is trivial. For a given y 6= 0 we an hoose x−xs suiently small so that the path
γε (x, y) rosses the real analyti set {|x− xs| = |y|} at some point q = q (x) (see Figure 7.1). Beause
of (7.14) we know that q is unique. Let s = s (x) ≤ 0 be suh that q = (x˜ (s) , y˜ (s)). Obviously
lim
x→xs
s = −∞ ,(7.25)
lim
x→xs
x˜ (s) = xs .(7.26)
Dene t ≤ 0 suh that x (t) = x˜ (s) (t (resp. s) is the time for (x, y) to reah q in (7.12) (resp. (7.21))).
On the one hand ∫ t
−∞
|G (x (t) , y (t))−G (x (t) , 0)| dt ≤ L′ ∣∣y (t)∣∣α−1eαt(7.27)
≤ 2L
′
cos θ
|x˜ (s)− xs|
whereas on the other hand∫ 0
s
|G (x˜ (t) , y˜ (t))−G (xs, y˜ (t))| dt ≤ L
∫ −s
0
|Pε (x˜ (t+ s))| dt
≤ L
∫ +∞
0
|Pε (x˜ (t+ s))| dt
≤ CL
sin δ
|x˜ (s)− xs| .
From the fat that t 7→ |y (t)| is exponentially inreasing we infer x˜ (s)− xs = O (x− xs), whih ends
the proof.
(4) From (7.19) and (7.24) we dedue that y 7→ F±j,ε (x#, y) belongs to Ob ({x#} × r′D,W ). Beause
of the estimate obtained in (3) we dedue that F±j,ε belongs to Ob
(V±j,ε,W ).
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(5) Let h be an asymptoti homology between γ = h (−∞, ·) and γε (p) = h (+∞, ·) within Vε.
Beause we integrate the restrition of G to a leaf (a holomorphi surfae) we only need to prove that
lim
t→±∞
∫
h(·,t)
Gτε = 0 .
But this is obvious sine the length of s 7→ h (s, t) is bounded (thanks to the uniformity of the
onvergene h (s, ·)→ h (±∞, ·)) and G (h (s, t))→ 0 as t→ ±∞ uniformly in s.
(6) Let F be another solution. Then
Xε · (F − Fε) = 0 .(7.28)
Hene there must exist a bounded, holomorphi funtion (ε, h) 7→ f (ε, h) suh that, for all p ∈ Vε:
F (p)− Fε (p) = f (ε,Hε (p))(7.29)
where Hε is the anonial rst integral (see Corollary 8.7). Aording to the same orollary Hε (Vε) =
C, so that h 7→ f (ε, h) must be an entire funtion, thus onstant.
8. The setorial normalization theorem
As this is the prinipal tool to the identiation of moduli of analyti lassiation for generi
families unfolding a saddle-node of odimension k we start by some generalities on this matter.
8.1. The priniple of a modulus of analyti lassiation. The heart of the paper is to identify
omplete moduli of analyti lassiation for generi families unfolding a saddle-node of odimension
k, under either
• orbital equivalene,
• or onjugay.
The idea is the following: we start with two germs of prepared families Zε = UεXε and Z
′
ε = U
′
εX
′
ε
and we want to deide whether they are orbitally equivalent or onjugate. We know that the multi-
parameter is anonial and that an equivalene or onjugay must preserve the parameter (up to the
equivalene relation (3.18)). Applying a rotation of order k to one of the families, we an suppose that
the two families have the same anonial multi-parameter and the same polynomial Pε(x). We an
then limit ourselves to disuss orbital equivalene or onjugay preserving the multi-parameter.
For that purpose we onstrut orbital equivalenes or onjugaies with the model family ZMε =
QεX
M
ε over anonial setors. The modulus is a measure of the obstrution to glue these in a global
equivalene or onjugay with the model. By omposing them, this provides equivalenes or onjugaies
between the two families over anonial setors. These provide a global equivalene or onjugay
between the two families preisely when the two families have equal moduli.
Solving the orbital equivalene problem of Zε with Z
M
ε on a anonial setor is the same as solving
the onjugay problem between Xε and X
M
ε under a hange of oordinates preserving the x-variable.
One the setorial enter manifold has been straightened, this hange of oordinates, ΨNε , will be taken
as the ow ΦNεY of the vetor eld
(8.1) Y := y
∂
∂y
for some time Nε(x, y) with Nε analyti and we will have
(
ΦNεY
)∗ (
XMε
)
= Xε.
To solve the onjugay problem we rst solve the equivalene problem and then onsider the on-
jugay problem between QεXε and Z
M
ε . This will be done through a map Ψ
T
ε = Φ
Tε
QεXε
, i.e. the ow
of QεXε for some time Tε (x, y) given by an analyti funtion Tε.
Both maps Nε (for Normal hange of oordinates) and Tε (for Tangential hange of oordinates)
will be obtained by solving ohomologial equations. The justiation of this proedure omes from
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the following fundamental lemma, whih an be proved using Lie's formal formula for the ow of a
vetor eld :
ΦtX =
∑
n≥0
tn
n!
X ·n Id(8.2)
Lemma 8.1. [17℄ Let X and Y be germs at (0, 0) of ommuting, holomorphi vetor elds. Consider
a funtion F ∈ O (W), where W is a domain on whih X and Y are holomorphi. Assume that
Y · F (p) 6= −1 for some p ∈ W. Then the map ψ dened by
ψ (x, y) := Φ
F (x,y)
Y (x, y)(8.3)
is a loal hange of oordinates near p satisfying :
ψ∗ (X) = X − X · F
1 + Y · F Y .(8.4)
By setting X = Y we dedue a useful suient ondition (whih is generially neessary) for two
vetor elds induing the same foliation to be onjugate.
Corollary 8.2. Let X be a germ of a vetor eld with a singularity at (0, 0) and U, V two non-vanishing
holomorphi germs. If there exists a germ of holomorphi funtion T suh that
X · T = 1
V
− 1
U
(8.5)
then the vetors elds UX and V X are (loally) analytially onjugate, the onjugay being given by
ΦTUX , namely
(
ΦTUX
)∗
(UX) = V X. In partiular U (0, 0) = V (0, 0).
Proof. It follows from Lemma 8.1 applied with X,Y 7→ UX . The hypotheses of the lemma are satised
for p := (0, 0) (indeed X (0, 0) = 0). Moreover (8.5) is solvable only if 1V (0,0) − 1U(0,0) = 0. 
8.2. Setorial normalization. Let Zε be given in (3.5) and its restrition on
(8.6) Vj,ε = V+j,ε ∪ V−j,ε.
On Vj,ε we onsider the hange of oordinates (x, y) 7→ Φj,ε(x, y) := (x, y − Sj,ε(x)) of Corollary 5.6
and let
(8.7) Xj,ε := (Φj,ε)∗Xε .
We all τε =
dx
Pε
the orresponding time-form. Then Xj,ε has the form
(8.8) Xj,ε = Pε(x)
∂
∂x
+
(
y
(
1 + a(ε)xk − R˜j,ε(x, y)
)) ∂
∂y
,
with R˜j,ε(x, y) = O(y).
The following proposition, and its extension in Theorem 8.5, gives a geometri proof of the theorem
of Hukuhara-Kimura-Matuda [4℄ (ε = 0) together with its generalization to unfoldings. For ε = 0
one an reover the summability property using the theorem of Ramis-Sibuya and the fat that the
rst-integrals in the intersetions Vsj,0 are at of order 1k .
Proposition 8.3. Let Φj,ε be the hange of oordinates (x, y) 7→ (x, y − Sj,ε (x)) whih straightens the
setorial separatrix (see Corollary 5.6).
(1) We onsider Xj,ε = X
M
ε − R˜j,εY over Vj,ε, given in (8.8), where Y is given in (8.1). Let N±j,ε
be the solution of Xj,ε ·N±j,ε = R˜j,ε on V±j,ε with N±j,ε (pj,n) = 0, and ΨN := Φ
N±j,ε
Y ◦Φj,ε. Then(
ΨN
)∗
XMε = Xε.
(2) Let Tj,ε be the setorial solution with Tj,ε (pj,n) = 0 of
(8.9) Xε · Tj,ε = 1
Uε
− 1
Qε
on V+j+1,ε ∪ V−j,ε and let ΨT = ΦTj,εQεXε . Then
(
ΨT
)∗
(QεXε) = Zε.
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(3) Moreover the funtions N±j,ε and Tj,ε are bounded on V±j,ε and have ontinuous extensions to
V±j,ε ∪ ({xj,s, xj,n} × r′D), and
(8.10) N±j,ε (pj,#) = Tj,ε (pj,#) = 0,
where # ∈ {s, n}.
(4) The funtions N±j,ε and T
±
j,ε are uniformly bounded when ε belongs to some good setor in Σ0.
Proof.
(1) We apply Lemma 8.1 to (8.7) with X = XMε and Y = y
∂
∂y . Then
(
Φ
N±j,ε
Y
)∗
XMε = X
M
ε −R˜j,εY
sine
(
XMε − R˜j,εY
)
·N±j,ε = R˜j,ε. The onlusion follows using Corollary 5.6.
(2) This is immediate from Corollary 8.2.
(3) and (4) are onsequenes of Theorem 7.3.

We summarize these results in the setorial normalization Theorem 8.5 below. To state it we require
the notion of setorial dieomorphism.
8.2.1. Setorial dieomorphisms.
Denition 8.4. Reall that the squid setors V ±j,ε atually depend on an angle θ and a width w0 > 0
(see Denition 4.15 and Figure 4.5).
(1) Let ε ∈ Σ0 ∪ {0} and # ∈ {−,+, s, n, g} be given. Dene V #j,ε (η) := V #j,ε ∩ ηD. A germ of a
setorial dieomorphism over V#j,ε is a (lass of) map(s) Ψ#j,ε : V˜#j,ε → C2 holomorphi and
one-to-one on
(8.11) V˜#j,ε := V #j,ε(r0)× r′0D
for r0, r
′
0 > 0 suiently small, satisfying:
(a) Ψ#j,ε extends to a homeomorphism Ψ
#
j,ε dened on W :=
(
V #j,ε(r0) ∪ {pj,s, pj,n}
)
× r′0D,
xing the singularities and suh that Ψ#j,ε ({pj,∗} × r′0D) ⊂ {pj,∗} ×C for eah ∗ ∈ {s, n}.
(b) The image Ψ#j,ε
(
V˜#j,ε
)
of the squid setor V˜#j,ε is squeezed between two squid setors:
V1 ⊂ Ψ#j,ε
(
V˜#j,ε
)
⊂ V2,
where
(8.12) Vℓ := V #j,ε(rℓ)× r′ℓD, ℓ = 1, 2,
have same angle θ but with maybe dierent widths wℓ and r
′
ℓ.
(2) Let W ⊂ Σ0 be some good setor. A germ of a family of setorial dieomorphisms is
a family of anonial setors V#j,ε together with a family
(
Ψ#j,ε
)
ε∈W∪{0}
of germs of setorial
dieomorphisms for all values of ε ∈ W ∪ {0} with ||ε|| ≤ ρ for some ρ > 0 and for whih we
an hoose wℓ, rℓ, r
′
ℓ, ℓ ∈ {0, 1, 2}, of (8.11) and (8.12) independent on ε.
This implies that setorial dieomorphisms respet loally the bered squid setors, e.g. neither
rush them nor blow them away along the separatries {pj,∗} × r′D. This property is neessary to
ensure that we are able to onstrut holomorphi onjugaies on a full neighborhood of the singularities
when the moduli of two vetor elds oinide. In pratie we will onsider a good overing of Σ0
given by Theorem 4.12 and we will onstrut germs of families of setorial dieomorphisms depending
analytially on ε on eah open set of the overing.
ANALYTICAL MODULI FOR UNFOLDINGS OF SADDLE-NODE VECTOR FIELDS 46
8.2.2. Setorial normalization theorem.
Theorem 8.5. Let W ⊂ Σ0 be a good setor. There exists r, r′, ρ > 0 suiently small so that, for
any ε ∈W ∪ {0} with ||ε|| ≤ ρ and assoiated set of anonial setors, the vetor eld Zε is onjugate
to its model ZMε by a setorial dieomorphism Ψ
±
j,ε over V±j,ε. The hange of oordinates splits into an
orbital part, namely
ΨN,±j,ε (x, y) :=
(
x,
(
y − S±j,ε (x)
)
exp
(
N±j,ε (x, y)
))
(8.13)
transforming QεX
N
ε into QεXε omposed with a tangential part, namely
ΨTj,ε (x, y) := Φ
Tj,ε(x,y)
QεXε
(x, y) .(8.14)
transforming QεXε into UεXε. Both
(
ΨN,±j,ε
)
ε∈W∪{0}
and
(
ΨTj,ε
)
ε∈W∪{0} are families of setorial
dieomorphisms, over
(V±j,ε)ε and (V+j+1,ε ∪ V−j,ε)ε respetively.
Proof. The holomorphy of the hanges of oordinates, their dependene on ε and the ontinuity prop-
erty for families of setorial dieomorphisms follow from Theorem 7.3 and Proposition 8.3.
For the sake of larity we omit to write the upper and lower indies ε, j and ±. We prove that
ΨN and ΨT are setorial dieomorphisms. The easiest ase is ΨN sine it preserves the x-oordinate.
Aording to Theorem 7.3(3) we have
|N (x, y)−N# (y)| ≤ A |x− x#|(8.15)
with A independent of ε and N# (y) := N (x#, y) for # ∈ {s, n}. Hene, if we let ΨN = (Id, ψ1) then
|ψ1 (x, y)− ψ1 (x#, y)| ≤ |y − Sj (x)|
∣∣∣eN(x,y) − eN#(y)∣∣∣(8.16)
≤ A′ |y − Sj (x)| |x− x#| .
Beause y 7→ ψ1 (x#, y) is a dieomorphism for small r′ > 0 independently of ε small, ψ1 is well-
behaved near {xn} × r′D.
This allows to onlude that, for maybe smaller r, r′ > 0, the image ΨN (V) is inluded, and
ontains, some bered squid setor as required. Here the width of the squid setor does not hange.
We now show that ψ1 is one-to-one, i.e. if ψ1 (x, y1) = ψ1 (x, y2) then y1 = y2. We have
|ψ1 (x, y1)− ψ1 (x, y2)| = |y1 − y2|
∣∣∣∣eN(x,y1) + (y2 − S (x)) eN(x,y2) − eN(x,y1)y2 − y1
∣∣∣∣(8.17)
≥ K |y1 − y2|
with K > 0, sine |y2 − S (x)| ≤ 2r′ an be made as small as we wish whereas eN(x,y1) remains far
from 0.
Let us now onsider ΨT := (ψ0, ψ1) = Φ
Tε
UεXNε
(with another ψ1), and prove that it is a setorial
dieomorphism. Let us rst deal with ψ0. We have
ψ0 (x, y) = Φ
Tε(x,y)
QεPε
∂
∂x
(x)(8.18)
= Φ
T (x,y,ε)
Pε
∂
∂x
(x)
where T is ontinuous. Beause Tε (pn) = 0 we an assume that
∣∣T ∣∣ is bounded by some arbitrary
small
1
2η if r is suiently small. Hene
ψ0
(
Φ
exp(iθ)t
Pε
∂
∂x
(x) , y
)
= Φ
exp(iθ)t+T (x,y,ε)
Pε
∂
∂x
(x)(8.19)
so the open set ψ0 (V ) ontains a squid setor V (r1) with some width w0− η and is ontained in some
V (r2) with some width w0 + η. On the other hand Φ
t
QεXε
(x, y) = (f (x, y, t) , g(x, y, t)) with
g (x, y, t) = y + t ((x− xn)(x− xs)O(1) + yO(1)) .(8.20)
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Here again we an onlude that ψ1 is well behaved near {x#}×r′D so ΨT (V) is inluded, and ontains,
some bered squid setor.
It only remains to show that ΨT is one-to-one. Sine it is given by the ow of QεXε it sends eah
leaf of F±ε into itself. It is then suient to show that its restrition to eah leaf L is one-to-one.
Assume then that (xj , yj) ∈ L for j ∈ {1, 2} and that ΨT (x1, y1) = ΨT (x2, y2); beause L is the graph
of a funtion l : Ω→ C (see Proposition 6.7) if we an show that x1 = x2 then y1 = y2.
There exists K > 0 independent of ε and of (x1, x2), suh that we an nd a path γ0 linking x1 to
x2 within Ω with a length less than K |x1 − x2|. Let γ := l ◦ γ0 be the lift of γ0 in L; the appliation
of Lemma 7.5 yields
ψ0 (x2, y2)− ψ0 (x1, y1) =
∫
γ
(Xε · ψ0) τε(8.21)
= 0 .
On the one hand, aording to Lemma 8.1, Zε ·ΨT = (QεX) ◦ΨT so that, aording to Lemma 7.5,
0 = ψ0 (x2, y2)− ψ0 (x1, y1) =
∫
γ
Qε ◦ ψ0
Uε
Pε ◦ ψ0
Pε
dx .(8.22)
On the other hand, one an nd a onstant K1 > 0 (independent of small ε) suh that∣∣∣∣Qε ◦ ψ0Uε
Pε ◦ ψ0
Pε
(x, y)− 1
∣∣∣∣ ≤ K1 (|x− xn|+ |y|)(8.23)
beause Qε (xn) = Uε (pn) and Tε (pn) = 0. We derive∣∣∣∣
∫
γ
1dx
∣∣∣∣ ≤ K1
∫
γ
(|x|+ |xn|+ |y|) |dx|(8.24)
|x1 − x2| ≤ K1 (2r + r′)K |x1 − x2|
whih, if r, r′ > 0 are suiently small neessarily means x1 = x2. 
8.3. Canonial rst integral and spaes of leaves.
Denition 8.6. We use the map ΨN,±j,ε of Theorem 8.5 to dene the anonial setorial rst
integral H±j,ε := H
M
j,ε ◦ΨN,±j,ε of Zε over V±ε as in Setion 4.2. For ε ∈ Σ0 it is given by:
(8.25) H±j,ε(x, y) =
(
y − S±j,ε(x)
)
exp
(
N±j,ε
(
x, y − S±j,ε(x)
)) k∏
j=0
(x− xj)−
1
νj .
Corollary 8.7. For eah h ∈ C the level surfae (H±j,ε)−1 (h) is onneted and oinides with a leaf
of F±j,ε. Eah leaf of F±j,ε is reahed in that way. For any domain W ⊂ V±j,ε and any analyti funtion
F ∈ O (W) suh that Xε · F = 0 (or, equivalently, F is onstant on eah leaf of F±j,ε) there exists a
unique holomorphi funtion f ∈ O (H±j,ε (W)) suh that F = f ◦H±j,ε.
Proof. The rst part follows immediately from Proposition 4.23 sine H±j,ε = H
M
j,ε ◦ ΨN,±j,ε and ΨN,±j,ε
is one-to-one, sending XMε to Xε. On the other hand if Xε · F = 0 then Lemma 7.5 implies that F
is onstant on any leaf of the foliation indued by Zε on W . Hene F fators as f ◦ H±j,ε for some
funtion f : H±j,ε (W) → C. However for any (x, y) ∈ W the restrition of H±j,ε to a small disk
{x} × {|y − y| < η} is invertible sine Xε is transverse to the lines {x} × C. As a onlusion f must
be holomorphi at H±j,ε (x, y) sine F is also holomorphi at (x, y). 
The next orollary is a diret onsequene of Proposition 4.23 and the fat that Ψ±j,ε is a setorial
dieomorphism :
Corollary 8.8. The spae of leaves H±j,ε
(V±j,ε) is biholomorphi to C. Moreover:
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(1) The spae of leaves H+j,ε
(Vsj,ε) of the foliation indued by Xε on Vsj,ε is biholomorphi to
D. When ε is suiently small and belongs to a good setor, the size of the onformal disk
H+j,ε
(Vsj,ε) is bounded from below and does not vanish as ε→ 0.
(2) The spaes of leaves over Vnj,ε and Vgj,σ(j),ε are biholomorphi to C.
Exept on Vnj,ε we an hoose the onformal oordinate on C so that 0 orresponds to the setorial
separatrix.
9. Modulus under orbital equivalene
Corollary 7.7 yields a neessary and suient ondition for a family to be orbitally equivalent to the
model family through the existene of analyti enter manifolds and global solutions to the homologial
equations. We want to be more preise and to quantify how far we are from the existene of solutions.
For this we need a anonial oordinate on the spae of leaves over the dierent sub-setors to do
the measurement. This will allow to measure how the solutions ompare in the dierent setors of the
intersetions V+j,ε ∩ V−ℓ,ε. This anonial oordinate is provided by Corollary 8.8.
Denition 9.1. (1) The spae of leaves over V±j,ε is C. A oordinate parameterizing the leaves
over V±j,ε is a rst integral for the system over that domain. A rst integral vanishing on the
enter manifold is alled a leaf-oordinate over V±j,ε.
(2) The spae of leaves over Vsj,ε is biholomorphi to D. A rst integral vanishing on the enter
manifold is alled a leaf-oordinate over Vsj,ε if it extends to a leaf-oordinate over V−j,ε.
Lemma 9.2.
(1) Given a leaf-oordinate over V±j,0 for ε = 0, then for eah good setor W ⊂ Σ0, as in Deni-
tion 4.13, the leaf-oordinate over V±j,ε an be hosen to depend analytially on ε and suh that
its limit for ε→ 0 is the hosen leaf-oordinate over V±j,0.
(2) On Vgj,σ(j),ε, Vsj,ε and V±j,ε, the only hanges of leaf-oordinates are the linear maps. On Vnj,ε
they are the ane maps.
Proof. (1) The anonial rst integral H±j,ε (see Denition 8.6) is one leaf-oordinate whih has the
required analyti dependene in ε.
(2) For xed ε any other leaf-oordinate on V±j,ε is the omposition of H±j,ε by an analyti dieomor-
phism ϕε as stated in Corollary 8.7. A possible hoie for the leaf-oordinate is thus ϕε ◦H±j,ε. The
only global dieomorphisms of C are the ane maps. Moreover Vgj,σ(j),ε is attahed to one point of
saddle type. Its enter manifold is unique and orresponds to the origin in the leaf-oordinate. The
same is true if the point is a saddle-node as we restrit to one of its saddle setors. Both spaes of
leaves are C and the only global dieomorphisms of C are the ane maps. Those preserving the origin
are the linear maps. 
9.1. The rst part of the orbital modulus.
Theorem 9.3. On any setor Vnj,ε the hange of leaf-oordinate from V−j,ε to V+j+1,ε is an ane map
ψ∞j,ε. If ε belongs to some good setor W ⊂ Σ0 then ψ∞j,ε depends analytially on ε and its ontinuous
limit for ε→ 0 is ψ∞j,0. For a suitable hoie of the leaf-oordinate one an hoose(
ψ∞j,ε
)′
(0) = e2iπa(ε)/k .
Proof. This follows simply from the fat that the hange of leaf-oordinate is a global dieomorphism
of C. It depends analytially on ε and has the right limit for ε = 0 as soon as the leaf-oordinate
does. 
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9.2. The ohomologial equation over V+j,ε∪V−j,ε and the seond part of the orbital modulus.
Take ε ∈ Σ0 ∪ {0}. Let
(9.1) Vj,ε := V+j,ε ∪ V−j,ε.
On Vj,ε we onsider the hange of oordinates (x, y) 7→ Φj,ε(x, y) = (x, y − Sj,ε(x)) and set Xj,ε =
(Φj,ε)∗Xε. Let R˜j,ε be dened on Vj,ε as in (8.8). Taking p ∈ Vsj,ε we onsider
(9.2) Lj,ε(p) :=
∫
γsj,ε(p)
R˜j,ε τε,
where γsj,ε(p) is dened in Denition 6.8.
Proposition 9.4. The funtion Lj,ε in (9.2) is onstant on eah leaf of F±j,ε. In the leaf-oordinate it
is a holomorphi map φ0j,ε, vanishing at the origin. On open sets where the leaf-oordinate is analyti
in ε it depends analytially on ε. It has the limit Lj,0 (φ
0
j,0 in the leaf-oordinate) when ε→ 0.
Denition 9.5. For a prepared family of vetor eldsXj,ε of the form ((2.2)) we onsider the funtions
Lj,ε of (9.2) and the assoiated funtions φ
0
j,ε in the leaf-oordinate over Vsj,ε.
For eah value of ε ∈ Σ0 ∪ {0} and eah assoiated set of anonial setors we have dened a
(2k + 1)-tuple Nε =
(
a, ψ0,ε, . . . , ψ
∞
k−1,ε, φ
0
0,ε, . . . , φ
0
k−1,ε
)
. This (2k + 1)-tuple depends on a hoie of
leaf-oordinates over the setors V±j,ε. A dierent hoie of leaf-oordinates over the same anonial
setors also depending analytially on ε with a ontinuous limit for ε→ 0 yields to a dierent (2k+1)-
tuple N ε =
(
a, ψ
∞
0,ε, . . . , ψ
∞
k−1,ε, φ
0
0,ε, . . . , φ
0
k−1,ε
)
. They are related by the equivalene relation
(9.3) Nε ∼ N ε ⇐⇒ (∃cε ∈ Ob (Wi)) (∀j)
{
ψ∞j,ε(cεh) = cεψ
∞
j,ε(h)
φ0j,ε(cεh) = φ
0
j,ε(h).
In order to take into aount that hanges of oordinates and parameters of the form (3.30) trans-
form a prepared family into a prepared family we enlarge the equivalene relation (9.3). Let N ε =(
a, ψ
∞
0,ε, . . . , ψ
∞
k−1,ε, φ
0
0,ε, . . . , φ
0
k−1,ε
)
(9.4) Nε ∼ N ε ⇐⇒ (∃cε ∈ Ob (Wi)) (∃m ∈ Z/k) (∀j, h, ε)


εℓ = exp(−2πim(ℓ− 1)/k)εℓ
a (ε) = a (ε)
ψ∞j+m,ε(cεh) = cεψ
∞
j,ε(h)
φ0j+m,ε(cεh) = φ
0
j,ε(h).
Note that a 2k-tupleNε depends on a good setorWi in ε spae for whih we an onstrut an adequate
set of squid setors with xed good angle θ. In order to emphasize this dependene we will note
N iε :=
(
a, ψ∞,i0,ε , . . . , ψ
∞,i
k−1,ε, φ
0,i
0,ε, . . . , φ
0,i
k−1,ε
)
.
Given a good overing {Wi}1≤i≤d of Σ0 in ε-spae we have d-tuples (N iε)1≤i≤d.
Theorem 9.6. Given a germ of prepared family Xε of the form (3.6) a good overing {Wi}1≤i≤d of
Σ0 in ε-spae, the d families of equivalene lasses of 2k-tuples
N iε =
{(
a, ψ∞,i0,ε , . . . , ψ
∞,i
k−1,ε, φ
0,i
0,ε, . . . , φ
0,i
k−1,ε
)}
/ ∼,
is a omplete modulus of analyti lassiation for the prepared family Xε under orbital equivalene.
Moreover N iε an be hosen to depend analytially on ε ∈ Wi and suh that its limit for ε → 0 is a
given N0.
We postpone the proof of the theorem till Setion 11.
Theorem 9.7. A omplete modulus of analyti lassiation under orbital equivalene of a germ of
an analyti family of vetor elds unfolding a saddle-node of odimension k is given by the modulus of
an assoiated prepared family.
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Corollary 9.8. Let (Zε)ε and
(
Zε
)
ε
be two orbitally equivalent prepared families. Then there exists
an equivalene of the form Rm ◦ΨNε where Rm is the rotation of angle 2iπmk and a hange of parameter
εℓ = exp(−2πim(ℓ−1)/k)εℓ. The hange of oordinates ΨNε preserves the x-variable and is a onjugay
between (R∗m (Xε))ε and
(
Xε
)
ε
.
This statement will result diretly from the proof of Theorem 9.6 given further below.
10. Modulus under onjugay
Two families of vetor elds an only be onjugate if they are orbitally equivalent. The modulus
of an analyti family under onjugay is onstruted by adding a time part to the modulus (Nε) of
orbital equivalene.
10.1. Time-part of the modulus. We onsider the family Zε given in (3.5). Taking p ∈ Vsj,ε we
onstrut γ∞j,ε(p) and we onsider
(10.1) Tj,ε(p) =
∫
γsj,ε(p)
(
1
Uε
− 1
Qε
)
dτj,ε,
where γsj,ε(p) is introdued in Denition 6.8.
Proposition 10.1. The funtion Tj,ε(p) in (10.1) depends only on the leaf. In the leaf-oordinate it
is a holomorphi map T˜j,ε.
Proof. This follows from Theorem 7.3 and Proposition 6.9. 
Denition 10.2. For the vetor eld Zε of the form (3.5) and ε in a good setor Wi in parameter
spae we onsider the funtions Tj,ε of (10.1) and the assoiated funtions T˜j,ε in the leaf-oordinate
over Vsj,ε. We build the funtions ζj,ε := T˜j,ε − T˜j,ε (0) as part of the time modulus of Zε.
For eah value of ε ∈ Wi ∪ {0} and eah assoiated set of anonial setors we have dened a
(2k + 1)-tuple
T iε =
(
C0,ε, . . . , Ck,ε, ζ
i
0,ε, . . . , ζ
i
k−1,ε
)
.
This (2k + 1)-tuple depends on a hoie of a leaf-oordinate over the setors V+j,ε. A dierent hoie of
leaf-oordinates over the same anonial setors yields a dierent (2k + 1)-tuple T iε = (C0,ε, . . . , Ck,ε,
ζ
i
0,ε, . . . , ζ
i
k−1,ε). If we also take into aount the hanges of oordinates and parameters of the form
(3.30) sending a prepared family to a prepared family and we let T iε = (C0,ε, . . . , Ck,ε, ζ
i
0,ε, . . . , ζ
i
k−1,ε),
we introdue the following equivalene relation
(N iε , Tεi) ∼ (N iε, T iε) ⇐⇒ N iε ∼ N iε and for the same ciε and m :
{
Cj,εe
2iπmj/k = Cj,ε
ζij+m,ε(c
i
εh) = ζ
i
j,ε(h) .
where the onstants c and m are the same as in (9.4).
Theorem 10.3. Given a prepared family Zε of the form (2.1) and a good overing {Wi}1≤i≤d of Σ0
in ε-spae, the d families of equivalene lasses of (4k + 2)-tuples
(10.2)
{(
a, ψ∞,i0,ε , . . . , ψ
∞,i
k−1,ε, φ
0,i
0,ε, . . . , φ
0,i
k−1,ε, C0,ε, . . . , Ck,ε, ζ
i
0,ε, . . . , ζ
i
k−1,ε
)
ε∈Wi
}
/∼,
is a omplete modulus of analyti lassiation for the family Zε under onjugay. Moreover
(N iε , T iε )
an be hosen to depend analytially on ε ∈ Wi and suh that the limit for ε→ 0 is a hosen (N0, T0).
We postpone a more preise statement of the theorem and the proof till Setion 11.
Theorem 10.4. A omplete modulus of analyti lassiation under onjugay of a germ of analyti
family of vetor elds unfolding a saddle-node of odimension k is given by the modulus of an assoiated
prepared family.
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Corollary 10.5. Let (Zε)ε and
(
Zε
)
ε
be onjugate prepared families. Then there exists a onjugay
of the form Rm ◦ ΨNε ◦ ΨTε , where eah
(
Ψ#ε
)
ε
is an analyti family of dieomorphisms, Rm is the
rotation of angle
2iπm
k and εℓ = εℓ exp(−2πim(ℓ− 1)/k). The hange of oordinates ΨNε preserves the
x-variable and is an orbital equivalene between (R∗m (Xε))ε and (Xε)ε. The hange of oordinates Ψ
T
ε
is given by the ow ΦTεZε of Zε for the time Tε, where (x, y, ε) 7→ Tε (x, y) is holomorphi near (0, 0, 0).
We postpone the proof of this result till the end of Setion (11).
10.2. Global symmetries. Theorem (9.6) and Theorem (10.3) will ultimate rely on the following
lassiation of global symmetries, desribed as follows :
Proposition 10.6. Let W be a good setor. Any germ (χε)ε∈W∪{0} of analyti family of symmetries
of (Zε)ε∈W∪{0} over (Vε)ε∈W∪{0}, bounded with respet to ε ∈W , is entirely determined by an integer
m ∈ Z/k and two maps α : ε 7→ α (ε) and β : ε 7→ β (ε) holomorphi and bounded on W with
ontinuous extension to W ∪ {0}. We have
χε = χ
N
ε ◦ χTε ◦Rm(10.3)
where Rm is the rotation (x, y) 7→
(
e2iπ
m
k x, y
)
, the map χNε preserves the x-variable and omes from
a linear hange of leaf-oordinate, and χTε = Φ
β(ε)
Zε
. The omplex number α (ε) represents the linear
hange of leaf-oordinate indued by χNε in the setorial spaes of leaves. For ε xed the group of all
possible (m, expα (ε)) is isomorphi to the group of hanges of leaf-oordinate preserving (Nε, Tε) (the
symmetry group of the invariants). Moreover :
(1) if there exists ε ∈W ∪ {0} suh that one of the ψ∞j,ε is not linear then α = 0.
(2) if there exists ε ∈ W ∪ {0} suh that for all n ∈ N>1 one of the φ0j,ε for some ε is not of the
form h 7→ f (hn) then α = 0.
(3) if all φ0j,ε are of the form fj,ε(h
n) for some xed maximal n > 1 then α = 2iπ qn for some xed
q ∈ Z/n independent on j.
(4) If all ψ∞j,ε are linear and all φ
0
j,ε vanish, then α ∈ C {ε}.
The families of orbital symmetries of (Fε)ε are of the same form with β being some germ of a holo-
morphi funtion at (0, 0, 0). For a xed ε the group of all possible (m, expα (ε)) is isomorphi to the
symmetry group of Nε.
Proof. We endow eah setorial spae of leaves over V±j,ε with the setorial anonial rst-integral
H±j,ε so that H
+
j+1,ε = ψ
∞
j,ε ◦H−j,ε and H−j,ε = H+j,ε exp
(
φ0j,ε ◦H+j,ε
)
on Vnj,ε and Vsj,ε respetively. The
symmetry χε (x, y) = (Aε (x, y) , Bε (x, y)) indues a hange of leaf-oordinate χ
±
j,ε : h 7→ h expα±j,ε,
for some α±j,ε ∈ C, and a time saling ξ±j,ε = Φ
β±j,ε
Zε
. Sine χε is a global map, the rst observation is
that all β±j,ε must be equal to the same β (ε) sine ξ
±
j,ε (x, y) = (Aε (x, y) , . . .). It is also possible to
show that expα±j,ε = expα (ε) depends only on ε ∈ W . The fat that α and β depend analytially on
ε ∈ W is lear enough. As χε is bounded on W with ontinuous extension to ε = 0 it is also the ase
for α and β.
For the same reason, namely beause χε is a global objet, the hanges of leaf-oordinate χ
+
j,ε (resp.
χ−j,ε) must ommute with ψ
∞
j,ε : h 7→ e2iπa/kh+ sε (resp. ψ0j,ε : h 7→ h expφ0j,ε (h)). Hene
φ0j,ε (h) = φ
0
j,ε (h expα (ε))(10.4)
sε = sε expα (ε) .(10.5)
We now disuss several ases:
(i) If any of the ψ∞j,0 is nonlinear then neessarily the same is true of ψ
∞
j,ε for ε 6= 0. Thus expα (ε) ≡ 1
and we an hoose α (ε) = 0.
(ii) If all ψ∞j,0 are linear but one ψ
∞
j,ε is nonlinear, then it is nonlinear for all values of ε on a dense
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open subset of W . For these values of ε we have α (ε) = 0. By analyti ontinuation this is the ase
for all values of ε in W .
(iii) If for any n > 1 there exists j suh that one φ0j,ε is not of the type φ
0
j,ε(h) = fj(h
n) for some
analyti germ of funtion fj and at least one value of ε then α (ε) = 0.
(iv) If all φ0ℓ,ε are of the type φ
0
ℓ,ε(h) = fℓ,ε(h
n) with n > 1 and n is maximal with this property, then
the only symmetries are of the form α (ε) = 2πi qn .
(v) If all ψ∞j,ε are linear and all φ
0
j,ε are zero then there is no onstraint and α (ε) ∈ C.
Cheking the remaining statements is straightforward. 
Corollary 10.7. (Zε)ε is orbitally equivalent to
(
XMε
)
ε
if, and only if, the symmetry group of Nε is
innite for all ε.
11. Proofs of Theorems 9.6 and 10.3
Denition 11.1. Two germs of k-parameter analyti families of vetor elds (Zε)ε (resp.
(
Zε
)
ε
)
unfolding a saddle-node of odimension k at the origin for ε = 0 (resp. ε = 0) are orbitally equivalent
if there exists a germ of analyti map
(11.1) K = (g,Ψ, ξ) : (ε, x, y) 7→ (g(ε),Ψ(ε, x, y), ξ(ε, x, y))
bered over the parameter spae where
(1) g : ε 7→ ε = g(ε) is a germ of an analyti dieomorphism preserving the origin;
(2) there exists a representative Ψε(x, y) = Ψ(ε, x, y) whih is an analyti dieomorphism in
(ε, x, y) on a small neighborhood of the origin in (ε, x, y)-spae;
(3) there exists a representative ξε(x, y) = ξ(ε, x, y) depending analytially on (ε, x, y) in a small
neighborhood of the origin in (ε, x, y)-spae with values in C 6=0;
(4) the hange of oordinates Ψε and time saling ξε is an equivalene between Zε and Zg(ε) over
a ball of small radius r > 0 :
(11.2) Zg(ε) (x, y) = ξ (ε, x, y) ((Ψε)∗ Zε) (x, y) .
The families are onjugate if it is possible to hoose K = (g,Ψ, ξ) with ξ ≡ 1.
11.1. Proof of Theorem 9.6. If two families are orbitally equivalent under an equivalene Ψ pre-
serving the parameter modulo a rotation of order k then they have the same modulus. Let K be
indeed an orbital equivalene between two families (Zε)ε and
(
Zε
)
ε
, whih we an assume to be pre-
pared. After possibly applying a rotation of order k to one of the systems and hanging the parameter
aordingly we an assume that the x-omponent of Ψ is tangent to the identity and that g = Id. Let
W ⊂ Σ0 be a good setor with assoiated anonial setors. Over V±j,ε the map Ψ indues a hange of
leaf-oordinate, given by linear and invertible maps h 7→ h = c±j,εh. Hene c+j+1,εψ∞j,ε (h) = ψ
∞
j,ε
(
c−j,εh
)
and φ0j,ε (h) = φ
0
j,ε
(
cjj,εh
)
. Beause all the (ψ∞j,ε)
′(∞) have been normalized and all φj,ε(0) = 0 for
xed ε all the c±j,ε agree: c
±
j,ε = cε. Moreover cε depends analytially on ε ∈ Wi with ontinuous limit
at ε = 0. Hene the moduli oinide.
Conversely we onsider two prepared families with same modulus. We an apply a rotation of order
k (and the orresponding hange of parameter) and a hange of leaf-oordinate in the modulus so that
the funtions ψ∞,ij,ε and φ
0,i
j,ε be exatly the same for the two families. Beause a hange of leaf is given
by some funtions ciε ∈ OWi whih are bounded and bounded away from 0 there exist ommon r, r′, ρ
valid for the two families. We now look for an equivalene preserving the parameter. The strategy
is the following: we start by onstruting an equivalene between the two families on a good open
overing {Wi} of Σ0 given in Denition 4.13 and we show the existene of an equivalene depending
analytially on ε 6= 0 in eah Wi and ontinuously on ε in Wi near ε = 0. Using that the equivalenes
are bounded and the symmetries of the system we orret to an equivalene depending analytially on
ε.
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On eah xed open set Wi we drop the upper index i. We an suppose that the two families have
the same representative of the modulus Nε = Nε. On eah V±j,ε we get rst integrals given by the
anonial leaf-oordinates H±j,ε and H
±
j,ε. Eah rst integral yields a hange of oordinates on V±j,ε
transforming XMε into Xε of the form Ψ
±
j,ε : (x, y) 7→ (x, y˜) where
(11.3) y˜ = H±j,ε
k∏
j=0
(x − xj)
1
νj .
Then
(11.4) Ψ±j,ε (x, y) =
(
x, (y − Sj,ε (x)) expN±j,ε (x, y)
)
whih is univalued on the setor. Similar hanges of oordinates Ψ
±
j,ε exist for Xε. We dene an
equivalene between the vetors elds Xε and Xε as
(11.5) Ψε :=
(
Ψ
±
j,ε
)−1
◦Ψ±j,ε.
This hange of oordinates is well dened as the two vetor elds have the same modulus. On the
setors Vnj,ε the result follows from H+j+1,ε = ψ∞j,ε ◦ H−j,ε and (11.4). On the setors Vsj,ε the result
follows similarly from H−j,ε = H
+
j,ε exp
(
φ0j,ε ◦H+j,ε
)
. On the setors Vgj,σ(j),ε the result follows from the
fat that the linear maps transforming one rst integral to the other are idential for the two families.
Let us show that they are ompletely determined by the φ0j,ε (0) and (ψ
∞
j,ε)
′(∞). Indeed, we look at
the deomposition rD = ∪k−1j=0 (V +j,ε∪V −j,ε)∪{x0, . . . , xk} (see for instane Figure 4.9). Making one turn
in the positive (resp. negative) diretion around eah point xℓ of node (resp. saddle) type yields a
orrespondene map kℓ,ε on the leaves whih is analyti when written in a leaf-oordinate. If xℓ is of
node type (resp. saddle type), then this map is a omposition of some of the linear maps with some
of the ψ∞j,ε (resp. ψ
0
j,ε), where ψ
0
j,ε is dened as
ψ0j,ε(h) = h exp(φ
0
j,ε(h))
and is tangent to the identity. ψ0j,ε is a orrespondene map from V−j,ε to V+j,ε over Vsj,ε. The multiplier
of the orrespondene map kℓ,ε at the xed point xℓ is given by exp(− 2πiνℓ ). On the other hand it is
given by the produt of the multipliers of the linear maps together with those of the maps
(
ψ0j,ε
)′
(0)
(resp. (ψ∞j,ε)
′(∞)) arising in the deomposition. This yields a system allowing to nd the multipliers
of the linear maps. We need to show that this system has a unique solution. This omes from the
struture of gate setors V gj,σ(j),ε disussed in Lemma 4.9 and also studied by Oudkerk [11℄. Identifying
a gate setor to a segment between two singular points, the resulting graph of the gate setors is a
tree (an explanation follows below). Then we start solving for the multipliers of the linear maps by
the ends of the trees, where we an nd one multiplier at a time and move towards the inside of the
graph, until all multipliers are found.
Let us desribe why the graph is a tree. The separating graph Γ (the union of the separatries
from innity) allows to divide D′ = rD \ Γ into onneted omponents, suh that the intersetion of
the losure of eah onneted omponent with rS1 is exatly ∂V +j,ε ∪ ∂V −σ(j),ε, whih yielded the map
σ dened in (4.9). In eah onneted omponent of D′ it is possible to draw a urve joining ∂V +j,ε to
∂V −σ(j),ε (Figure 4.3). This urve uts exatly one gate setor. If we were having a yle of gate setors
some of these urves would ut more than one gate setor.
A seond argument to show that the graph is a tree is the following. The graph of the gate setors
has k + 1 verties and k edges. Moreover, from its onstrution, it is easy to see that it is onneted.
Indeed two adjaent boundary setors share a singular point, so their respetive attahed gate setors,
eah orresponding to an edge, share a ommon vertex. If we have yles in the graph, then neessarily
the number of edges should be at least as large as the number of verties. Hene there are no yles.
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It is of ourse possible to dene a map Ψε as in (11.5) for any value of ε ∈ Σ0 ∪ {0}. Moreover for
ε ∈ Wi it is possible to hoose Ψiε depending analytially on ε 6= 0 in Wi and having the same limit
Ψ0 for ε→ 0. The last step of the proof is to build a global Ψε depending analytially on ε on a full
neighborhood of ε = 0 from the Ψiε dened for ε ∈ Wi. The ideas are similar to those of the addendum
of [8℄, namely to use the symmetries of the system. Indeed on Wi,i′ = Wi ∩Wi′
(11.6) χi,i′,ε :=
(
Ψi
′
ε
)−1
◦Ψiε
is a symmetry of Xε on a full neighborhood of the origin in (x, y)-spae preserving the x-variable.
These symmetries have been desribed in Proposition 10.6. They are given by analyti maps αi,i′(ε)
orresponding to linear hanges of leaf-oordinate, with αi,i′(0) = 0. By Proposition 10.6 αi,i′ (ε) ≡ 0,
whih implies χi,i′,ε = id, exept in the ase where all ψ
∞
j,ε are linear and all φ
0
j,ε ≡ 0. (If these
properties are true for some Wi then they are true for all the other good setors of the overing). In
the latter ase the enter manifold y = Sε(x) is a global analyti bounded map for ε ∈ Σ0, hene for
all ε with ||ε|| ≤ ρ. The linear hanges of leaf oordinates are indued by linear hanges y 7→ cy in the
y-oordinate over the model. Looking at the onstrutions of the funtions N iε and N
i′
ε (resp. N
i
ε and
N
i′
ε ) over setorsWi and W
′
i , it is lear that their values oinide on the separatries. Indeed the value
of N iε(xj,#, y), # ∈ {s, n}, is given by the integral of R˜j,ε on the segment [0, y] in {x = xj,#} (the
horizontal part of the integral from pj,s to pj,n vanishing, sine inside the enter manifold). Moreover,
on x = xj,#, R˜j,ε(xj,#, y) = R2,ε(xj,#, y). Hene αi,i′(ε) = 0, whih implies that the equivalenes Ψi,ε
between Xε and Xε dened over the setors Wi glue into a global bounded equivalene Ψε dened for
ε ∈ Σ0.
Hene we have dened a global map Ψε on Σ0. As it is bounded, it is possible to extend it to a full
neighborhood W of the origin in ε-spae. 
11.2. Proof of Theorem 10.3. The strategy is similar to that of Theorem 9.6.
For the diret part, if two families are onjugate then we an bring them to the prepared form (3.5)
with same Xε and the two families have the form Zε = XεUε and Zε = XεUε with same temporal
normal form QεXε. Then there exists a onjugay Ψε between these two forms whih is a symmetry
of the foliation. Proposition 10.6 desribes those maps and we obtain the existene of a holomorphi
map Tε suh that Φ
Tε
Zε
onjugates Zε to Zε. Aording to Lemma 8.1 we have Xε · Tε = 1Uε − 1Uε and
aording to Corollary 7.7 we obtain, for all p ∈ Vsj,ε,∫
γsj,ε(p)
(
1
Uε
− 1
Qε
+
1
Qε
− 1
Uε
)
τε = I (j)(11.7)
independently on p (we reall that τε =
dx
Pε
is the time-form assoiated to Xε). With the notations of
Proposition 10.1 this implies
T˜j,ε (h) = T˜ j,ε (h) + I (j)
in the leaf oordinate so that ζj,ε − ζj,ε = 0.
Conversely, let us suppose that two prepared families Zε and Zε have the same modulus and same
polynomial Pε. From Theorem 9.6 we know that the two families are orbitally equivalent and (after
possibly applying a rotation of order k and the orresponding hange of parameter) that the equivalene
preserves the parameter, so we an suppose that they have the form Zε = UεXε and Zε = UεXε. We
look for a onjugay of the form ΦTεUεXε where Tε is holomorphi over Vε and satises
(11.8) Xε · Tε = 1
Uε
− 1
Uε
.
As before we onsider a good open overing {Wi}1≤i≤d of Σ0 and we onstrut analyti funtions
T iε depending analytially on ε over Wi and having the same limit when ε→ 0 inside Wi. For a xed
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leaf-oordinate over V±j,ε we have ζj,ε = ζj,ε so that, for any p ∈ Vsj,ε,
(11.9)
∫
γsj,ε(p)
(
1
Uε
− 1
Uε
)
τε = I (j)
where I (j) is onstant. Applying one more Corollary 7.7, while using the fat that the graph of gate
setors is a tree, gives the existene of T iε .
The last step is to build from the T iε a global Tε depending analytially on ε ∈ Σ0. We proeed as
in Theorem 9.6 and orret Φ
T iε
Zε
by omposing with a symmetry χi,ε of Zε over Wi. As desribed in
Proposition 10.6 any family of symmetries over Wi ∩Wi′ whih does not exhange leaves are given by
analyti maps ε 7→ βi,i′ (ε) with βi,i′(0) = 0. We want to nd funtions βi suh that βi,i′ = βi − βi′ .
Of ourse this is the rst Cousin problem, whih is solvable sine Σ0 is a Stein manifold but this is
not suient as we need to show that the βi are bounded. So we proeed as follows. On eah setor
Wi we have onstruted a family of funtions T
i
ε dened on rD × r′D and onjugating Zε and Zε for
ε ∈ Wi. Hene these funtions dier from a onstant βi,i′ (ε) for eah ε ∈Wi ∩Wi′ on Wi ∩Wi′ . This
onstant is alulated for instane as T iε(0, 0)− T i
′
ε (0, 0). We let βi(ε) := T
i
ε(0, 0). Dening
Tε := T
i
ε − βi(ε),
yields the required map Tε so that Φ
Tε
Zε
onjugates Zε with Zε. 
11.3. Proof of Corollaries 9.8 and 10.5. Sine (Zε)ε and
(
Zε
)
ε
are onjugate they have the same
moduli, thus are orbitally equivalent. From the proof of Theorem 9.6 we get ΨNε and Rm, while the
proof of Theorem 10.3 done just above provides us with ΨTε = Φ
Tε
Zε
. 
12. Perspetives, appliations and questions
12.1. Reading the dynamis from the modulus. The modulus allows to read the dynamis of
the system. A rst ase was presented in Example 5.5. This example was not nished. Indeed we gave
suient onditions for the stable manifold of (x2, 0) to oinide with the weak invariant manifold of
(x0, 0), but they were not neessary. We now an give the neessary and suient ondition.
We also disuss other ases oming from Figure 12.1 whih is the Figure 5.1 of Example 5.5. We
introdue the transition maps: ψ0j,ε : V−j,ε → V+j,ε dened over Vsj,ε by
(12.1) ψ0j,ε (h) := h exp(φ
0
j,ε(h)).
Note that the ψ∞j,ε (resp. ψ
0
j,ε) are transition maps when we move in the antilokwise (resp. lokwise)
diretion. A hidden motivation for this hoie is that it is the diretion for whih the dynamis of the
holonomy is going forward: the iterates of a point under the holonomy map move in that diretion
([14℄). We loate the area of ation of eah transition map in Figure 12.1.
Example 12.1. End of Example 5.5. We introdue the Lavaurs maps Li (see Figure 12.1). These
maps are the hanges of leaf-oordinates over the gate setors.
(5): To give a neessary and suient ondition for the stable manifold of (x2, 0) to oinide with
the weak invariant manifold of (x0, 0) we need to haraterize the weak invariant manifold of
(x0, 0). It is the only leaf whih is not ramied at the point. Hene it is the xed point of
the rst return map of leaves when one makes a positive turn around (x0, 0). We hoose to
start this return map in a setor where the stable manifold of (x2, 0) orresponds to the zero
leaf-oordinate.
So the neessary ondition is given for instane by :
L1 ◦ ψ∞2,ε ◦ L2 ◦ ψ∞1,ε(0) = 0.
(6): We an for instane read the dynamis of (x2, 0) for the partiular values of the parameters
for whih it is a saddle point (the ratio of eigenvalues is in R≤0). Then the return map for
leaves if given by :
k2,ε = ψ
0
0,ε ◦ L0 ◦ ψ01,ε ◦ L1.
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Figure 12.1. Interpretation of the orbital invariants in terms of the global dynam-
is around singular points. The linear transformations Lj are the hanges of leaf-
oordinates over the gate setors. The diretion of the arrows yield their diretion.
For instane L1 is the hange from the leaf-oordinate on V
+
0,ε to the one on V
−
1,ε.
In partiular (x2, 0) is orbitally linearizable if and only if k2,ε is linearizable. The paramet-
ri resurgene phenomenon desribed in [14℄ also appears here. Indeed, let us reall that
(ψ0j,ε)
′(0) = 1 whih omes from the fat that φ0j,ε(0) = 0. For instane let εn be a sequene of
values of ε suh that lim εn = 0, L0 and L1 are xed and k
′
2,ε(0) = exp(2πi
p
q ). If
k2,0 = ψ
0
0,0 ◦ L0 ◦ ψ01,0 ◦ L1
is non-linearizable then so is the ase for k2,εn as soon as n is suiently large. The non-
linearizability of k2,0 an be seen from the non vanishing of a oeient of the normal form.
In the partiular ase where k′2,ε(0) = 1, this is the ase as soon as k2,0 is nonlinear.
12.2. Extending the disussion beyond Σ0. We have made an extensive desription of the family
Zε for the values of ε in Σ0. Suh a desription an also be made for the other values of ε and the
paper of Douady and Sentena [2℄ already ontains the neessary adjustments. Indeed here, when
ε ∈ Σ0 the setors are onstruted as strips in z-spae. When ε /∈ Σ0 and some of the singular points
are saddle-nodes suh a deomposition is 2k setors still exist, but some of the strips in z-plane are
replaed by half-spaes. Eah setor is again adherent to two points, one of saddle type and one of node
type, using the remark that a saddle-node an be of saddle type or of node type when restrited to a
domain over a setor. The enter manifold theorem (Theorem 5.2) is still valid in this ontext and we
get k enter manifolds on k setors attahed to setors ∂V ±j,ε of the boundary |x| = r. The onstrution
of asymptoti paths (Theorem 6.4) an be performed in full generality. Similarly Theorem 7.3, where
we solve ohomologial equations on setors, remains true for all values of ε.
In our disussion we have worked with a nite open overingW = {Wi} of Σ0. In this way we have
avoided disussing the stratiation of the omplement of Σ0. The Wi are onstruted as ones on
open sets in the sphere {||ε|| = ρ}. A subset of W is neessary to over the neighborhood of a value
ε0 /∈ Σ0. The spatial organization of these setors around ε0 is an interesting question for a future
work. For instane, if ε0 is a regular point of a stratum of odimension 1, then the intersetion of these
setors with a setion transverse to the stratum gives an open overing of the setion minus ε0.
12.3. The link with the holonomy of the strong separatrix. In [15℄ the modulus of analyti
equivalene under orbital equivalene of a generi 1-parameter family unfolding a planar vetor eld
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with a resonant saddle is given in terms of the modulus of analyti equivalene of the family of holonomy
maps orresponding to one separatrix. Then a time part is added to the modulus to give a modulus of
analyti equivalene under onjugay. The approah of [15℄ ould obviously have been extended to the
ase of the saddle-node. We have preferred a geometri approah, based on the asymptoti homology
of the leaves, as it is the fat that the spae of leaves over the anonial setors is C whih yields that
the maps ψ∞j,ε of the modulus are ane maps.
If we onsider a setion y = 1 of the strong separatrix, then it an be proved as in [14℄ that all
leaves over a anonial setor V±j,ε interset y = 1 and that dierent points of intersetion belong to the
same orbit of the holonomy map. So we have a orrespondene between the spae of leaves over the
anonial setors and the orbit spaes of the holonomy maps. Hene two germs of generi families of
vetor elds with a saddle-node of odimension k at the origin and same formal parameter are orbitally
equivalent if and only if the families of unfoldings of the holonomies of their strong separatries are
onjugate. The same is true for onjugay if we add to the holonomies the times needed to ompute
them by following the ow of the vetor eld.
It is worth here iting the work [12℄ of Javier Ribón whih studies the modulus of analyti lassi-
ation of 1-parameter families unfolding of resonant dieomorphisms.
12.4. Questions and diretions for future researh.
(1) The most important question oming from our work is to identify the modulus spae, both
for the problem of orbital equivalene and for the problem of onjugay. The dependene on
ε of the omponents of the moduli is a highly non trivial question. In an upoming paper
with Reinhard Shäfke we propose to prove that in the ase k = 1 the moduli φ0,i0,ε, ψ
∞,i
0,ε and
ζi0,ε represent
1
2 -sums of formal power series
∑
An (h) ε
n
with An holomorphi, as was earlier
suspeted. For a given value of k, this requires in partiular to desribe the relationships
between the dierent N iε (resp. (N iε , T iε )) on all intersetions Wi ∩Wi′ of two good setors in
ε-spae.
(2) As for the time part of the modulus, the problem addressed is whether it is possible to unfold
a result of [17℄ (an adaptation of Ramis-Sibuya theorem) stating that, given k funtions holo-
morphi on the spae of leaves of the anonial setors Vsj,0, it is possible to nd a holomorphi
funtion G0 suh that the obstrutions to solve Z0 ·F0 = G0 are preisely the given funtions.
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